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Preface

Here you find some lecture notes prepared for the course in Statistical Mechanics at SISSA. Many
very nice books and lecture notes exist, and I do not pretend to add anything to what has been
published: These are only my notes on the subject. The main references I will follow are the very
nice Lecture Notes by Arovas [1], and the books by Peliti [2], Callen [3], Sethna [4], Pathria [5], and
MacKay [6].

The notes are divided into two main parts: 1) Basic material and 2) Selected topics.

The basic material contains standard topics. Starting with a review of thermodynamics, the sta-
tistical ensembles are introduced, and standard applications (systems of free bosons and fermions)
are illustrated. Next, after an interlude on transfer matrix and path-integral representation, the stan-
dard Weiss mean-field theory approach is presented, ending with a derivation of the Ginzburg-Landau
action.

The selected topics include this year: the XY model in two-dimensions and the Kosterlitz-Thouless
transition, and an introduction to (mostly) Ising lattice gauge theories.
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1. Introduction to Entropy and Statistical
Mechanics

I will illustrate here, through elementary examples, some useful concepts that hopefully will provide
a small guided tour into some of the ideas of Statistical Mechanics.

During the tour, we will encounter some useful mathematics � large- N (saddle-point) techniques,
Fourier/Laplace transforms, Legendre transforms � and some of the important actors in the game �
entropy, energy, free-energy � together with the �rst bricks of the construction of the more general
theory.

The discussion on Shannon's entropy follows quite closely the excellent book by MacKay [6].

1.1. The exponential dominance: Stirling

I start by illustrating an idea that keeps coming repeatedly when you discuss �entropy�: the idea of
exponential dominance, which can be simply understood with the following elementary considerations.
Suppose you have a sum of the form


 =
X

i

eN� i :

where � i � 0. Call � max the largest of such� i . Then, for very large N you generally have:

1
N

log 
 ' � max : (1.1)

To understand the issue, suppose you have only one further term with� i = � max � � in the sum.
Then:

1
N

logeN� max
�
1 + e� N � �

= � max +
1
N

log
�
1 + e� N � �

! � max :

A bit more generally, suppose that a number� N � of terms with � i < � max contribute to the sum.
Then you can write:

eN� max < 
 < N � eN� max :

Hence, taking the logarithms and dividing by N you get:

� max <
1
N

log 
 < � max + �
logN

N
;

i.e., once again, Eq. (1.1) holds for large enoughN .

An interesting application of the principle of exponential dominance is the method of Laplacefor
calculating integrals of functions of the form eN� (x ) . Let us exemplify this with an application that
leads to the famous Stirling approximation for the factorial N !:

log(N !) = N logN � N + log
p

2�N + O(1=N) : (1.2)

One possible way to derive the Stirling approximation starts from the integral representation

�( N + 1) def=
Z 1

0
dx x N e� x = N ! ;
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Introduction to Entropy and Statistical Mechanics (Lecture Notes by G.E. Santoro)

Figure 1.1.: On the left, the function gN (x) = eN log x � x , whose integral gives the factorial N !, for N = 100.
On the right, in blue, the approximation by a Gaussian obtained by expanding the exponent near the maximum
at xmax = N .

which you can very easily prove by induction. This is the Euler's � -function at integer values of the
argument. Next, we analyze the integrandgN (x) = eN log x � x = eN (log x � x=N ) , and discover that it
has a maximum at xmax = N and two in�ection points at x � = N �

p
N . The value at the maximum

is already very suggestive:

gN (x = xmax = N ) = eN log N � N :

To calculate the integral, let us start being brutal. We approximate it with the area of the rectangle
of height equal to the maximum, gN (N ), and basis equal to the distance between the two in�exion
points, 2

p
N . Our brutal estimate would than give:

I brutal =
p

4N eN log N � N :

If you take the logarithm, you get the following estimate:

logN ! � N logN � N + log
p

4N :

Not that bad, for a rather swift calculation. Even more brutal is the approach of not even calculating
the in�exion points, and approximate the area with a rectangle of basisb = 1 , which would give only
the �rst two terms of the Stirling formula, incidentally, the two terms that are more often used.

To get a much better result for the third term, log
p

2�N , we resort to a gaussian approximation.
Essentially, we expand the logarithm appearing ingN (x) close to its maximum at x = N by retaining
only the quadratic terms in the exponent. You get:

gN (x) � ggau
N = eN log N � N e� ( x � N ) 2

2N : (1.3)

The integral, using the gaussian, is rather simple:

Z 1

0
dx eN log N � N e� ( x � N ) 2

2N � eN log N � N
Z 1

�1
dy e� y 2

2N = eN log N � N
p

2�N :

Taking the logarithm, you get the Stirling formula including the (third term) sub-leading logarithmic
correction. Figure 1.1 shows the comparison between the exactgN and the gaussian approximation
ggau

N .
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(Lecture Notes by G.E. Santoro) 1.2 Repeated �ips of coins and frequency of letters

1.2. Repeated �ips of coins and frequency of letters

Flipping a coin is a standard starting point for probability. It is associated with a process, called
the Bernoulli process, which can be formalised as follows:

X =
�

0 1
p0 p1

�
; (1.4)

where p0 + p1 = 1 , and p1 is the probability of getting Head (which we call �1�), while p0 is that of
getting Tail (which we call �0�). A more general processX , which Khinchin calls a � �nite scheme� and
MacKay an � ensemble�, is build on a more general alphabetA = f x1; x2; � � � ; x jA j g of symbols/objects
x j , called �outcomes� of X , with j = 1 � � � j A j, where jAj denotes the number of possible outcomes
in the set A. For instance, A could be the English alphabet of26 letters, including the space, as
exempli�ed in Fig. 1.2 below.

Figure 1.2.: (Left) The frequency of letters in English. (Right) The joint probability P (x; y ) of two consecutive
letters x and y in a typical English text. Pictorially, larger probability is represented by a larger white square.
Notice the presence of correlations, such that P (x; y ) 6= P(x)P (y). Figure taken from MacKey.

To fully specify X you have to assign the probability P(x j ) = pj of the occurrence of each outcome
x j , listing them for instance as:

X =
�

x1 x2 � � � x j � � � x jA j

p1 p2 � � � pj � � � pjA j

�
; (1.5)

Random variable. When the alphabet A is mapped into real or integer numbers (as in the
Tail/Head case for the coin), X is often referred to as arandom variable.

i
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Introduction to Entropy and Statistical Mechanics (Lecture Notes by G.E. Santoro)

For a random variable X you can easily calculate the average and the variance ofX with the usual
de�nitions: 8

>>>>><

>>>>>:

E[X ] =
jA jX

j =1

x j P(x j )

Var[X ] = E[ X 2] � E2[X ] =
jA jX

j =1

(x j � E[X ])2P(x j )

; (1.6)

where we have de�ned the ensembleX 2 to be given by:

X 2 =

 
x2

1 x2
2 � � � x2

j � � � x2
jA j

p1 p2 � � � pj � � � pjA j

!

: (1.7)

In the case of a Bernoulli process these are simple to calculate,E[X ] = p1, E[X 2] = p1, hence
Var[X ] = p1(1 � p1).

Now consider generating a sequence ofN independent similar ensembles, which we denote by
X i =1 ��� N , with identical distribution of probability of the outcomes P(x j ). Any outcome of this
experiment is a sequenceof N outcomesx = ( x1; � � � ; x i ; � � � xN ). Notice that we have used here a
�short notation�, where x i indicates the outcome ofX i , which is taken from the common alphabetA.
A more proper notation would be x j i , to denote the j -th outcome obtained at the i -th trial.

In the Bernoulli case an outcome-sequence would bex = (0 ; 1; 0; 0; 0; 1; 0; 0; 0; 0), for instance, for
N = 10. What is the probability of each individual sequence? Simple enough, since the repeated
trials are all independent, hence the probabilities multiply:

P(x) = pN 0
0 pN 1

1 ; (1.8)

where N0 is the number of 0s, and N1 the number of 1s, obviously with N0 + N1 = N . Suppose now
that the coin is not �fair� (or the process generating the 0s and the 1s is not a coin, after all), and
that p1 < p 0, for instance p1 = 0 :1 and p0 = 0 :9. Then by far the most probablestring is that with all
0s:

P(x = (0 ; 0; � � � ; 0)) = pN
0 = (0 :9)N = 2 � N log 2 (0 :9) � 2� 15:2 ;

where the last estimate is forN = 100. 1 The least probablestring is also obviously that with all 1s:

P(x = (1 ; 1; � � � ; 1)) = pN
1 = (0 :1)N = 2 � N log 2 (0 :1) � 2� 332:2 :

But if you do the experiment, and N = 100, you know that you almost never get the most probably
string with N = 100 0s. How comes? You know very well that youtypically obtain strings with
N1 � p1N = 10 and N0 � p0N = 90. Indeed, as you know very well, the expected frequency
n1 = N1=N is given by

n1 =
N1

N
� p1 :

Figure 1.3 shows the possible outcome of such an experiment. Notice that the probability of a �typical
string� is:

P(x typ ) � pNp 0
0 pNp 1

1 = 2 N (p0 log 2 p0 + p1 log 2 p1 ) = 2 � N ( � p0 log 2 p0 � p1 log 2 p1 ) � 2� NH (X ) ; (1.9)

where we have de�ned theShannon entropyof X as:

H (X ) = � p0log2p0 � p1log2p1 = p0log2
1
p0

+ p1log2
1
p1

: (1.10)

The reason why we introduce the second way of writing will be clear in a while.

1Beware of applying blindly the principle of exponential dominance. Recall that we have exponentially many states
here, and entropy e�ects do play a crucial role in getting the typical strings.
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(Lecture Notes by G.E. Santoro) 1.2 Repeated �ips of coins and frequency of letters

Figure 1.3.: Strings of bits generated by N = 100 independent Bernoulli trials with p1 = 0 :1.

Notation. Here we adopt the standard notation H (X ) for Shannon's entropy associated with
the random variable X . Later on, we will denote the Shannon entropy asSShannon (P), where P
denotes the probability distribution of the variable X .

!

There are a total of 
 tot = 2 N = 2 100 � 1030 strings x for N = 100. Can we estimate the number
of �typical strings� we would get? The number of strings with a number of 1s precisely equal to N1 is
given by the binomial coe�cient

� N
N 1

�
, so the number 
 typ of typical strings can be estimated as:

log 
 typ � log
�

N
Np1

�
= log N ! � log(Np1)! � log(Np0)!

� N (� p0 logp0 � p1 logp1) = N log(2) H (X ) : (1.11)

Hence,log2
 typ � NH (X ), or:


 typ � 2NH (X ) � 247 � 1014 ; (1.12)

where the last estimate applies toN = 100 and H (X ) � 0:47 when p1 = 0 :1. I remark that

P(x typ ) � 
 typ � 2� NH (X ) 2NH (X ) � 1 : (1.13)

So, in essence, the typical strings, whose number and probability was estimated above, seems to
exhaust the whole probability! All the other non-typical strings � the vast majority, since 
 typ �
2NH (X ) � 
 tot = 2 N , including the most probable onex = (0 ; 0; � � � ; 0) � seems to count nothing in
the total probability. We will soon �formalize� the previous argument through the use of a theorem,
the weak law of large numbers.

11



Introduction to Entropy and Statistical Mechanics (Lecture Notes by G.E. Santoro)

Binomial distribution and strong law of large numbers. You know very well that the
ingredients given above give rise to the Binomial distribution for the repeated Bernoulli trials.
The probability of getting N1 times a �1� in a sequence ofN independent trials is:

Prob(N1; N ) =
�

N
N1

�
pN � N 1

0 pN 1
1 :

One can show, see App. A for more details and exercises, that the Binomial distribution ap-
proaches a Gaussian in the limit of a large number of trialsN . This is one manifestation of the
strong law of large numbers.

i

Before proceeding, let us generalise the previous concepts to a more generalX . The expected
number of times x j is obtained in N trials is pj N , hence we would estimate:

P(x typ ) � pNp 1
1 pNp 2

2 � � � p
Np j A j

jA j � 2� NH (X ) ; (1.14)

where the Shannon entropy is now:

H (X ) = �
jA jX

j =1

P(x j ) log2P(x j ) =
jA jX

j =1

P(x j ) log2
1

P(x j )
: (1.15)

Notice that, if for some reason you do not want to use thelog2, for instance, if you plan to take
derivatives where the standard natural log is much more comfortable to use, you can write Shannon's
entropy as:

H (X ) = � kS

jA jX

j =1

P(x j ) log P(x j ) = kS

jA jX

j =1

P(x j ) log
1

P(x j )
; (1.16)

where kS = 1=log 2. Next, the number of typical N -strings with the expected occurrenceN j = pj N
is given by the multinomial coe�cient:


 typ =
N !

(p1N )! � � � (pjA j N )!
� 2NH (X ) ; (1.17)

where we used once again the Stirling approximation for the factorials. Once again, observe that the
typical strings essentially exhaust the total probability:

P(x typ ) � 
 typ � 2� NH (X ) 2NH (X ) � 1 : (1.18)

Observe also that the total number of N -strings is


 tot = jAjN = 2 N log 2 jA j : (1.19)

Notice that if all events were equally probable,pj = 1=jAj, then

H (X ) =
jA jX

j =1

P(x j ) log2
1

P(x j )
=

jA jX

j =1

1
jAj

log2jA j = log 2jA j

hence
 typ � 
 tot is all events are equally probable. For a general distribution off pj g, however, you
can show that:

H (X ) = H (f pj g) � log2jA j ; (1.20)

i.e., the Shannon entropy ismaximum whenpj = 1=jAj. There are several ways to prove this statement.
2

2One is based on the standard approach of Lagrange multipliers: maximising H (X ) in the domain 0 � pj � 1 with
the constraint

P
j pj = 1 . The actual proof that such extreme is a maximum is a bit more intricate and based upon

induction.

12



(Lecture Notes by G.E. Santoro) 1.3 Shannon's information content and entropy

A clean and instructive proof is based on Jensen's inequality for convex functions which we now
quickly review. Consider a function F (y) � with y possibly multi-dimensional, as long as the domain
D of y is itself convex, i.e., �y 1 + (1 � � )y2 2 D for all � 2 [0; 1] if y1; y2 2 D. We say that F (y) is
convexin its domain D � more clearly, ^ -convex � if:

F (�y 1 + (1 � � )y2) � �F (y1) + (1 � � )F (y2) : (1.21)

By induction, starting from the previous de�nition, you can easily prove that if F (y) is ^ -convex
then

F (
X

j

pj yj ) �
X

j

pj F (yj ) if
X

j

pj = 1 : (1.22)

which is a discrete form of the Jensen's inequality. 3 The proof that H (X ) is maximum when all
pj = 1=jAj, applies Jensen's inequality to the^ -convex function F (y) = log 2(1=y) = � log2(y). Take
in the Jensen's inequality yj = 1=pj . Then

jA jX

j =1

pj yj =
jA jX

j =1

pj
1
pj

= jAj :

Moreover:
jA jX

j =1

pj F (yj ) =
jA jX

j =1

pj

�
� log2

1
pj

�
= � H (f pj g) = � H (X ) :

Then, by Jensen's inequality:

� log2jA j = F (
X

j

pj yj ) �
X

j

pj F (yj ) = � H (X ) =) H (X ) � log2jA j : (1.23)

Summarising, when thepj of the various outcomesx j are not equally likely, then:


 typ


 tot
�

2NH (X )

2N log 2 jA j
= 2 � N [log 2 jA j� H (X )] N !1�! 0 : (1.24)

A tiny fraction 2NH (X ) of the whole number of strings
 tot exhausts the probability!

1.3. Shannon's information content and entropy

Let us discuss the issue of the information content of the processX :

X =
�

x1 x2 � � � x j � � � x jA j

P(x1) P(x2) � � � P(x j ) � � � P(x jA j )

�
; (1.25)

Consider the quantity:

h(x) � log2
1

P(x)
(1.26)

This is a random variable, whose value depends on the outcomex = x j one gets. h(x) is known as
Shannon's information content of the outcomex. Below, we will try to justify why h(x) is a meaningful
way of quantifying the �information content� of an outcome x.

Property 1) Shannon's entropy as the average information. From the de�nitions given,
Shannon's entropyH (X ) is the averageof the information content h(x) over all possible outcomes:

H (X ) =
jA jX

j =1

P(x j ) log2
1

P(x j )
=

jA jX

j =1

P(x j )h(x j ) � E[h] ; (1.27)

3More generally, you could write it as:
F (E[ Y ]) � E[F (Y )] :

13
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Property 2) The information of independent events. Consider another sequenceY indepen-
dent from X :

Y =
�

y1 y2 � � � yj � � � yjB j

P(y1) P(y2) � � � P(yj ) � � � P(yjB j )

�
: (1.28)

Then, you can de�ne a sequenceXY with alphabet A 
 B having jAjjBj elements as follows:

XY =
�

x1y1 � � � x jA j y1 x1y2 � � � x jA j yjB j

P(x1)P(y1) � � � P(x jA j )P(y1) P(x1)P(y2) � � � P(x jA j )P(yjB j )

�
; (1.29)

where we used the fact that the two processes are independent by writingP(x i ; yj ) = P(x i )P(yj ).
If you want a simple case in which two events arenot independent, let X be the �rst letter, and
Y the second letter in a pair of letters in an English text: obviously, P(x i ; yj ) 6= P(x i )P(yj ), as
subsequent letters in a text are somewhatcorrelated. But, if the two processes are independent, then
the information content

h(x i yj ) = log 2
1

P(x i )P(yj )
= h(x i ) + h(yj ) : (1.30)

In words: the information content of the outcomes of two independent processes is simply the sum
of the individual information content. By the way, you might easily show that Shannon's entropy of
XY is also the sum of the two:

H (XY ) = H (X ) + H (Y ) : (1.31)

Hence, the actual importance ofh(x j ) is still not immediately evident: other objects based on the
logarithm might do the job as well.

Property 3) Rare events give a large information. This property of h(x j ), that will soon
appear �very reasonable� through our game-examples, is the following:The smaller is P(x j ), the
larger is its information content h(x j ) of the outcomex j .

Why? Here is a simple example, based on the game that you have certainly played:the hangman.
Suppose that I think of an Italian word with 9 letters, and you try the letter `O'. You are lucky: the
letter is in the word I had in mind. Here is the situation after your lucky try:

O O

The outcome of the letter `O' has certainly increased your �information� on the word, but not in a
very large way, as `O' is quite common in Italian words. But suppose that, instead of `O', you had
boldly tried `Q', and that your guess was right. I write:

Q Q :

Your information on the word is enormously higher, as `Q' is considerably less common than `O': in
the present case, the occurrence of two consecutive `Q' immediately suggests that I was thinking of
SOQQUADRO, the only italian word with a double-Q.

Let us play another game of guessing: you think of an integer numbern 2 f 0; 1; 2; � � � 63g. I can
tell you the number you thought by asking you exactly 6 questions, each question being independent
of the answer you give to the previous one.4 Here are the 6 questions, with the corresponding answer

4This is a simpli�ed version of the game of the 20 questions (recall: Q1 = is it alive?, Q2 = is it a human?, etc.), which
allows to pin-down, with carefully chosen questions, an object that you might have thought. Recall that

220 = 1 ; 048; 576

so that with 20 carefully chosen questions I should be able to discriminate into a �world� of more than a million
possible �things�.

14
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you would give me if your number wasn = 17:

Q1 : Is n � 32? NO
Q2 : Is n mod 32� 16? YES
Q3 : Is n mod 16� 8? NO
Q4 : Is n mod 8 � 4? NO
Q5 : Is n mod 4 � 2? NO
Q6 : Is n mod 2 � 1? YES

(1.32)

Now I collect your answers, associatingYES ! 1, NO ! 0:

0 1 0 0 0 1! 24 + 2 0 = 17 ;

in other words the binary string with your answers univocally reconstructs the number n = 17.
Observe that:

1) You can think of any n, hence the answer/digit to each question is equally likely: a1 or a 0 with
probability 1=2;

2) the answers to the questionsQ1� � � Q6 are independent,

hence the information content you get is thesumof that for each answer. More formally, the elementary
process of answering any question has two outcomes:

X =
�

x0 = 0 = NO x1 = 1 = YES
P(x0) = 1

2 P(x1) = 1
2

�
:

So, each question, independently of the answer, adds an information contenth(x i ) = log 2

�
1

P (x i )

�
=

log22 = 1. The total information content after 6 questions, modelled by 6 independent but identical
processesX 1 � � � X 6, is:

h1(x i 1 ) + h2(x i 2 ) + � � � + h6(x i 6 ) = 6 bits : (1.33)

Let us now play one more game, connected to the previous one but more sophisticated, because
the di�erent answers will no longer independent. It is a simpli�ed version of the game of �battleship�,
played with a single �submarine� that you put in a 8 � 8 checkerboard, for instance inH 3. Here the

Figure 1.4.: The game of �battleship� played with a single �submarine� in G3. In the illustration, the
submarine is hit at move 49. Move 1 is G3, move 2 is B1, etc. Figure taken from the book by MacKey.

outcomes are alwaystwo: missed� 0, and hit � 1. In the �rst realisation you have a process:

X 1 =
�

0 1
P(0) = 63

64 P(1) = 1
64

�
:

15
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If you are very lucky, and your �rst move is a �hit�, H3, outcome x1 = 1 of probability P(1) = 1
64 ,

then

h1(x1 = 1) = log 2

�
1

P(1)

�
= log 2(64) = 6 :

You got 6 bits of information with the �rst lucky hit. Most likely your �rst move will be a �missed�,
for instance G3, outcomex1 = 0 of probability P(0) = 63=64, then

h1(x1 = 0) = log 2

�
1

P(0)

�
= log 2

�
64
63

�
= 0 :0027:

You got very little information with the �rst unlucky hit. In such a case, you proceed with a second
move, described by the followingconditional process:

X 2
�
�
x 1 =0 =

�
0 1

P(0) = 62
63 P(1) = 1

63

�
:

Observe that now the probabilities that appear areconditional probabilities: P(0) = P(x2 = 0 jx1 = 0) ,
and P(1) = P(x2 = 1 jx1 = 0) . If you are lucky at your second move,h2(x2 = 1 jx1 = 0) = log 2(63)
hence you have:

h1(x1 = 0) + h2(x2 = 1 jx1 = 0) = log 2

�
64
63

�
+ log 2(63) = log 2

�
64
63

� 63
�

= log 2(64) = 6 :

Again, upon hitting the submarine, you got 6 bit of information. More realistically, if you miss it, you
get h2(x2 = 0 jx1 = 0) = log 2( 63

62 ) = 0 :0230, hence a total information:

h1(x1 = 0) + h2(x2 = 0 jx1 = 0) = log 2

�
64
63

�
+ log 2

�
63
62

�
= log 2

�
64 � 63
63� 62

�
= log 2

�
64
62

�
= 0 :0458:

Let us proceed with the third move, represented by:

X 3
�
�
x 2 =0 ;x 1 =0 =

�
0 1

P(0) = 61
62 P(1) = 1

62

�
;

and suppose that you miss again, and you continue to miss up to move32, represented by:

X 32
�
�
x 31 =0 ��� x 1 =0 =

�
0 1

P(0) = 32
33 P(1) = 1

33

�
:

The total information you acquired with these 32 failures is:

htot ;32 = h1(x1 = 0) + h2(x2 = 0 jx1 = 0) + � � � + h32(x32 = 0 jx31 = 0 � � � x1 = 0)

= log 2

�
64
63

�
+ log 2

�
63
62

�
+ � � � + log 2

�
33
32

�
= log 2

�
64
32

�
= log 22 = 1 : (1.34)

So, 32 unlucky moves give you1 bit of information: a moment thought will tell you that you have
eliminated half of the possibilities, exactly like after the �rst question Q1 in the game of guessing a
number in f 0 � � � 63g. If you persist being unlucky all the way to move 48 = 32 + 16, then your total
information acquired will be:

htot ;48 = h1(x1 = 0) + h2(x2 = 0 jx1 = 0) + � � � + h48(x48 = 0 jx47 = 0 � � � x1 = 0)

= log 2

�
64
63

�
+ log 2

�
63
62

�
+ � � � + log 2

�
17
16

�
= log 2

�
64
16

�
= log 24 = 2 : (1.35)

Two bits of information are acquired after 48 unlucky strikes because you eliminated anotherhalf of
the remaining half, pretty much like after the second question Q2 in the game of guessing a number
in f 0 � � � 63g. Now suppose that you move49 is a hit. Since

X 49
�
�
x 48 =0 ��� x 1 =0 =

�
0 1

P(0) = 15
16 P(1) = 1

16

�
;
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then

h49(x49 = 1 jx48 = 0 � � � x1 = 0) = log 2

�
1

P(1)

�
= log 2(16) = 4 :

So, the hit at move 49 gives you the remaining 4 bits of information: you now know precisely the
location of the submarine, which is totally equivalent to knowing a number in f 0 � � � 63g, since there
are 64 possible locations.

Notice that in this game I typically ask many more than 6 questions, but the total counting of
Shannon's information content is, very reasonably, always6 bits upon hitting the submarine.

1.4. Typicality and the (weak) law of large numbers.

Let X be, as before, a process

X =
�

x1 x2 � � � x j � � � x jA j

P(x1) P(x2) � � � P(x j ) � � � P(x jA j )

�
; (1.36)

with Shannon entropy H (X ). The information content h(x j ) = log 2(1=P(x j )) of outcomex j will have
a varianceVar[h] in the elementary processX , which we can easily calculate:

Var[h] = E[ h2] � (E[h])2 =
jA jX

j =1

P(x j )h2(x j ) � H 2(X ) : (1.37)

Suppose that you generate sequencesx = ( x j 1 ; � � � ; x j N ) 2 AN
X by repeating N times the process

X � i.e., constructing the joint process X 1X 2 � � � X N � assuming the various repetitions X j are
independent and identical to the elementary processX . You often read that the � N events are
independent and identically distributed�.

Typical strings. To de�ne a �typical� string, we stipulate that their probability P(x) should
be

2� N (H + � ) � P(x) � 2� N (H � � ) ()

�
�
�
�

1
N

log2
1

P(x)
� H

�
�
�
� < � ; (1.38)

with some arbitrarily small � > 0. In words: typical strings are those whose �average information
content� 1

N log2
1

P (x ) is �within � � of the Shannon entropy H . More formally, we de�ne:

TN;� �
�

x 2 AN
X :

�
�
�
�

1
N

log2
1

P(x)
� H

�
�
�
� < �

�
(1.39)

to be the set of � -typical sequences ofN independent outcomes. The goal of the remaining
derivation is to show that

Prob (x 2 TN;� ) � 1 �
Var[h]
� 2N

(1.40)

which tells us, in words, that the probability of a �typical� sequence goes to1 when N ! 1 , for
any value of � > 0.

i

To proceed, we review here theweak law of large numbers. Let us start from a simple inequality,
known as Markov inequality. Consider a positive random variable Y with probability (density) P(y)
and �nite expectation E[Y ] < 1 . Take an arbitrary positive � and consider the probability P(y > � ).

17
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Then you can show that: 5

Markov inequality: P(y > � ) �
E[Y ]

�
: (1.41)

Consider now a random variableZ with a �nite variance . Then you can show that:

Chebyshev inequality: P(jz � E[Z ]j > � ) �
Var[Z ]

� 2 : (1.42)

The proof is once again rather elementary: for instance, takeY = jZ � E[Z ]j2, which is a positive
random variable, with E[Y ] = E[( Z � E[Z ])2] = Var[ Z ] < 1 , and apply to Y Markov's inequality
taking � = � 2. You get:

P(jz � E[Z ]j > � ) = P(jz � E[Z ]j2 > � 2) = P(y > � = � 2) �
E[Y ]

�
=

Var[Z ]
� 2 :

We are now ready to prove that weak law of large numbers. Consider theN repetitions X 1X 2 � � � X N

of a processX with a �nite variance, and the random variable

Z =
1
N

NX

i =1

X i ; (1.43)

whose outcome are, in words,the average of theN independent outcomes (measurements) of theX .
For instance, if X i are Bernoulli trials with binary outcomes 0 and 1, then Z = N1=N represents the
number of times a 1 occurs, normalised toN . In general:

E[Z ] =
1
N

NX

i =1

E[X i ] = E[ X ] ; (1.44)

since allE[X i ] = E[ X ] are identical. The surprise is in the variance ofZ . A simple calculation 6 shows
that:

Var[Z ] =
1
N

Var[X ] ; (1.46)

a remarkable result which you know �well� by experience: the average ofN measurements has a
sharper distribution than the original quantity X , with a variance that scales to0 as 1=N: this is the
reason why you accumulate statistics, after all!

5The proof is elementary:

P(y > � ) =
Z 1

�
dt P (t ) �

Z 1

�
dt

�
t

�

�
P (t ) =

1

�

Z 1

�
dt t P (t ) �

1

�

Z 1

0
dt t P (t ) =

E[Y ]

�
:

6By de�nition:

Var[ Z ] =
1

N 2

X

i;j

E[X i X j ] � (E[ Z ])2 =
1

N 2

0

@
X

i

E[X 2
i ] +

X

i 6= j

E[X i ]E[X j ]

1

A � (E[ Z ])2

=
1

N 2

0

B
B
@

X

i

E[X 2
i ] +

X

i 6= j

E[X i ]E[X j ] +

add and subtractz }| {X

i

E[X i ]E[X i ] �
X

i

(E[ X i ])2

1

C
C
A � (E[ Z ])2

=
1

N 2

 
X

i

E[X 2
i ] �

X

i

(E[ X i ])2

!

+
� � � � � � � � �

1

N 2

0

@
X

i;j

E[X i ]E[X j ]

1

A � � � �(E[ Z ])2

=
1

N

�
E[X 2 ] � (E[ X ])2 �

=
1

N
Var[ X ] : (1.45)
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The weak law of large numbers. The random variable

Z =
1
N

NX

i =1

X i ; (1.47)

whose outcome arethe average of theN independent outcomes (measurements) of theX , has a
probability distribution such that, by Chebyshev's inequality:

P(jz � E[Z ]j > � ) �
Var[Z ]

� 2 =
Var[X ]

N� 2 ; (1.48)

or, equivalently:

P(jz � E[Z ]j < � ) � 1 �
Var[X ]

N� 2 : (1.49)

So, in words: the probability that an outcome for Z is �within � � of its average E[Z ] tends to 1
as N ! 1 .

i

Having established the weak law of large numbers, let us return to our typicality story. The
probability P(x) of a string x = ( x1; � � � xN ) 2 AN

X , since the events are independent, is

P(x) = P(x1) � � � P(x j ) � � � P(xN ) ;

where we have condensed our notation by indicating simply asx i the more proper but ugly x j i , for
the outcome you get at the i th repetition. Hence, we have immediately that

1
N

log2
1

P(x)
=

1
N

NX

i =1

log2
1

P(x i )
=

1
N

NX

i =1

h(x i )

If you recall that H = E[ h], and you apply the weak law of large numbers to the random variableZ
de�ned from the average (over repetitions) of the information content:

Z =
1
N

NX

i =1

h(x i ) ; (1.50)

observing also that E[Z ] = E[ h] = H (X ), we can immediately deduce that:

Prob (x 2 TN;� ) � Prob

 �
�
�
�

1
N

NX

i =1

h(x i ) � E[h]

�
�
�
� < �

!

� 1 �
Var[h]
� 2N

(1.51)

In the literature, the result expressed in Eq. (1.51) is known asasymptotic equipartition principle. 7

With the words of MacKay [6]:

Asymptotic equipartition principle : For an ensemble ofN identically distributed
independent random processes(X 1; X 2; � � � X N ), with N su�ciently large, the outcome
x = ( x1; x2; � � � ; xN ) is almost certain to belong to a subset ofAN

X of only 2NH (X ) members,
each having probability P(x) �close to� 2� NH (X ) .

In general, for H (X ) < log2jA j, the subset of typical sequences
 typ � 2NH (X ) is a negligible
fraction of the total number of sequences
 tot = jAjN :


 typ


 tot
�

2NH (X )

2N log 2 jA j
� 2� N (log 2 jA j� H (X )) N !1�! 0 : (1.52)

7Not to be confused with the �equipartition of energy� in the kinetic theory of gases and statistical mechanics.
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1.5. Shannon's source coding theorem

What goes under the name ofShannon's source coding theoremis a result that builds on the
asymptotic equipartition principle, but goes a bit forward. I will brie�y mention this for completeness:
more about data compression, both lossless and lossy, in the book of MacKay.

Figure 1.5.: Sketch of the probability of sequences ofN bits in ascending order. The box highlight the typical
set, with 
 typ � 2NH ( X ) members. To the far right the string with the highest probabilities are shown. When
N = 100, since H � 0:47 for p0 = 0 :9 and p1 = 0 :1, you have 2� 47 to be the probability of typical strings.
On the contrary, the most and the least probable strings have probabilities 2� 15:2 and 2� 232 :1 , respectively.
Figure taken from the book by MacKay.

But before we dive into some technical aspects of this story, try to do the following exercise.

Exercise 1.1. A horse race has 8 horses competing of di�erent ability: their probability of winning
a race is not uniform, but rather represented by the following process:

X =
�

0 1 2 3 4 5 6 7
p0 = 1

2 p1 = 1
4 p2 = 1

8 p3 = 1
16 p4 = 1

64 p5 = 1
64 p6 = 1

64 p7 = 1
64

�

where we numbered the horses from0 to 7.

(a) Calculate the Shannon entropyH (X ) of X . [Clearly, use base-2 logarithms.]

(b) Imagine now that you want to communicate the result of the winner of N identically repeated
races. To do that, you use a telephone line where you can transmit bits,0 or 1. You have
to establish a unique code to indicate the horse which won each race. Clearly, a binary code
C0 = 000; C1 = 001; C2 = 010; C3 = 011; C4 = 100; C5 = 101; C6 = 110; C7 = 111, would do:
this is a very democratic code, which uses3 bits for every race; the length of the string will
need to be3N bits if you want to transmit the result of N races. Consider now the following
alternative code:

0

@
0 1 2 3 4 5 6 7

p0 = 1
2 p1 = 1

4 p2 = 1
8 p3 = 1

16 p4 = 1
64 p5 = 1

64 p6 = 1
64 p7 = 1

64
C0 = 0 C1 = 10 C2 = 110 C3 = 1110 C4 = 111100 C5 = 111101 C6 = 111110 C7 = 111111

1

A

Observe that we used codewords of increasing length to code horses that have a smaller prob-
ability of winning a race. In particular, we assigned the shortest possible codeword (1 bit),
C0 = 0 , to the horse with the highest probability of victory. Would you be able to uniquely
decodethe following string?

00101100010

To how many races does it refer to? Which horse won the4th race? Which the 5th ?
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(c) Suppose you want to communicate with a string of bits the result of a large numberN of races:
what is the average lengthL , in bits, of the string you would need?

(d) What is the relationship between the average lengthL of the string and the Shannon entropy
H (X )?

(e) If all the horses where equally good,p0 = p1 = � � � = p7 = 1
8 , what would be the Shannon

entropy H (X )? What would be the average lengthL for N races if you use the code proposed
above? Would you use it? Or would you rather prefer the binary code instead?

The simple example contained in the previous exercise shows the basic idea of alossless variable-
length encoding: the best code you can invent to transmit a message will have anaverage length related
to the Shannon entropy of the process generating it.

In the following, we will discuss �xed length encoding but with a probability of loss of information:
we will, therefore, �count� how many strings you should try to �give a codeword to� if you renounce
to some very improbable strings, which will have no codeword associated with it.

Returning for concreteness to our Bernoulli binary string example, suppose that you list all strings
of N bits in order of increasing probability log2P(x), as sketched in Fig. 1.5. The strings can be
divided into three classes:

1) the � typical� ones, with the usual assignment of� to de�ne typicality;

2) � atypical� strings but with high probability P(x) > 2� N (H (X ) � � ) ;

3) � atypical� strings but with a very small probability P(x) < 2� N (H (X )+ � ) .

Let us now de�ne a new setSN;� as follows. Start from the string with highest probability xhighest ,
and include it in SN;� . Then continue down the list of sequences and keep adding them toSN;� until

Prob(x 2 SN;� ) � 1 � � ; (1.53)

where � is a small number of your choice. Notice that SN;� contains, by construction, �atypical�
sequences with large probability, class2) above, as well as �typical� sequences, class1) . A moment
re�ection should convince you that SN;� can also be de�ned as beingthe smallest subset of strings
such that Prob(x 2 SN;� ) � 1 � � . De�ne now the essential bit contentof SN;� from the number of its
membersjSN;� j, with the usual logarithm:

H � (X N ) = log 2jSN;� j : (1.54)

Obviously, if � = 0 you include all sequences, SN; 0 � AN
X , henceH0(X N ) = N log2jA j. You realise

that H � (X N ) is the number of bits which you need to uniquely describe all elements of the setSN;� .
Notice that if � > 0 some very improbable atypical strings are omitted from this set: if they occur,
you would not be able to describe them. And now comes the statement of the theorem:

Shannon's source coding theorem : Let X be a process with entropyH (X ). Consider
the ensemble ofN independent identically distributed random processes(X 1; X 2; � � � X N ).
Then, for any arbitrarily small � > 0 and any � , with 0 < � < 1, there exists a su�ciently
large N0 such that for N > N 0:

�
�
�
�

1
N

H � (X N ) � H (X )

�
�
�
� < � (1.55)

Hence, in other words, if you allow for some losses,� > 0, you can describe with �essentially�
NH (X ) bits all remaining strings. Concerning the proof: The fact that H � (X N ) < N (H (X ) + � ) is
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not di�cult at all. Consider the typical set TN;� . We know that

Prob(x 2 TN;� ) � 1 �
Var[h]
� 2N

� 1 � � ;

by taking N � N0 such that Var[ h ]
� 2 N 0

� � . But SN;� is the smallest subset that veri�es that inequality.
HencejSN;� j � j TN;� j. Let us put a bound on jTN;� j by arguing as follows. The smallest probability
that a typical string in TN;� can have isP(x) = 2 � N (H (X )+ � ) . Hence, the largest size thatTN;� can
have can be bound by assuming that all strings have probability2� N (H (X )+ � ) , which leads to:

2� N (H (X )+ � ) jTN;� j largest � 1 =) j TN;� j largest � 2N (H (X )+ � ) :

This immediately leads us to the conclusion:

H � (X N ) = log 2jSN;� j � log2jTN;� j � N (H (X ) + � ) (1.56)

The fact that H � (X N ) > N (H (X ) � � ) is slightly more elaborate: see MacKay, Sec. 4.5 for details.

1.6. The ideal gas: Newton's approach

We now switchgear to physics, by considering one of the building problems of statistical mechanics:
the ideal gas. I illustrate the concept of chaos by showing you some billiard animations, in particular
the stadium billiard. The result is that it is quite reasonable to expect that the system visits in an
essentially uniform way all the available phase space. The volume of the available phase space is hence
the crucial quantity we need to consider. 8 More about these issues when we will discuss in more
detail the ergodic hypothesis.

Consider N classical particles in three-dimensional space. The6N dimensional phase space will be
discretised by subdividing it into small cubes of volumeh3N , where h has the dimension of an action
� indeed, we will see that the correct choice is just Planck's constant. The number of (discretised)
states the system can visit when its energy is in the interval[E � � E ; E ] is given by

Nstates (E � � E ; E ) =
1

N !

Z
d3N qd3N p

h3N I [E � � E ;E ](H (q; p))

=
Z E

E � � E

dE 0 1
N !

Z
d3N qd3N p

h3N � (E 0 � H (q; p))
| {z }


( E 0)

: (1.57)

Here

I [a;b](x) = � (x � a) � (b� x) =
Z b

a
dx0� (x0 � x) =

8
<

:

1 for x 2 [a; b]

0 otherwise
;

is the characteristic (or indicator) function of the interval [a; b], while � (�) is the Heaviside� -function,
and the second form follows from the properties of the Dirac's delta function. Notice also the extra
factor 1=N!, which accounts for the so-called �correct Boltzmann counting� (introduced by Gibbs),
which I ask you to accept with an act of faith for the time being. 9 Let us consider the quantity
appearing inside the integral, which is adensity of states:


( E ) =
1

N !

Z
d3N qd3N p

h3N � (E � H (q; p)) : (1.58)

8You are essentially maximising the entropy, by a limiting distribution that weights in a uniform way the available
phase space.

9 It was introduced to make the entropy properly extensive and is related to the indistinguishability of particles proper
of a quantum approach. Both the N ! and the h3N will appear when taking the appropriate classical limit of the
quantum ideal gas.
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Figure 1.6.: The stadium mixing. (Top) The initial conditions, with con�gurations on the left and velocities
on the right. (Bottom) A snapshot at a su�ciently large time. Figures due to Simone Ziraldo.

Since
( E ) is usually a monotonic function of E we have that:

Nstates (E � � E ; E ) < � E 
( E ) � E 
( E ) : (1.59)

We will soon argue that, in the limit of a large number of particles, these quantities are allexponentially
dominated by what happens at E : they are completely insensitive to the value of� E , and we can
even take � E = E. More precisely we will see � with the explicit example of the ideal gas � that
one expects:10

lim
N !1

logNstates (E � � E ; E )
N

= lim
N !1

log � E 
( E )
N

= lim
N !1

logE 
( E )
N

= s(E) : (1.60)

With a more relaxed notation, we will re-express the previous equality as:

Nstates (E � � E ; E ) ' � E 
( E ) ' E 
( E ) ' eN s (E ) def= eS(E ) ; (1.61)

where we have introduced the extensive entropyS(E) def= N s(E). Here ' means that we neglect, in
the exponential, anything that is not extensive in N , for instance, terms proportional to log(N ) or
constants.

Let us proceed with the study of 
( E ). To cope with the Dirac's delta function, we use the standard
trick of taking the Laplace transform:

Z (� ) def=
Z 1

0
dE 
( E ) e� �E =

1
N !

Z
d3N qd3N p

h3N e� �H (q ;p ) def= e� F ( � ) ; (1.62)

10 It should be stressed that the limit N ! 1 is always taken together with an in�nite volume limit, by taking the ratio
V=N (the volume per particle) or N=V (the density) constant . We omit to indicate the volume in all our formulas,
for the time being.
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where � is the Laplace variable and should be regarded ascomplex, in general, and with dimensions
of inverse energy, whileF is a useful dimensionless quantity which we have introduced by taking the
logarithm of Z . 11 Notice that in general, all these quantities depend onV and N , a dependence that
we omit for the time being. The information on 
( E ) will be retrieved, if I know how to calculate
Z (� ), by performing an inverse Laplace transform: 12


( E ) =
Z � 0 + i 1

� 0 � i 1

d�
2�i

e�E Z (� ) =
Z � 0 + i 1

� 0 � i 1

d�
2�i

e�E � F ( � ) : (1.63)

The path of integration in the complex-� plane which you need to calculate the inverse Laplace
transform we are free to choose, as long as it stays to the right of any singularities ofZ (� ): we assume
that we start our path at some � 0 � i 1 and end it at � 0 + i1 , but the value of � 0 and the shape of
the path is at our disposal. 13 Notice that, so far, we have not used the fact that our system is an
ideal gas of non-interacting particles. If we assume that, the calculation ofZ (� ) is simple: 14

Z ideal (� ) =
1

N !

�
V
h3

Z
d3p e� � p 2

2m

� N

=
1

N !

"
V
h3

�
2�m

�

� 3
2

#N

� eN log eV
N

�
2 �m
h 2 �

� 3
2

; (1.64)

wherein the last expression we have made use of the Stirling approximation, settingN ! ' (N=e)N .
We can now proceed in two ways: we can calculate
 ideal (E ) either exactly, using the fact that
Z ideal (� ) has a very simple dependence on� , a multiple pole Z (� ) / � � 3N= 2 when 3N is even and a
simple branch cut when3N is odd, 15 or rely on the second approximate form which suggests using
a saddle-point technique in calculating the inverse Laplace transform.

We proceed with the saddle point technique because it illustrates a very general idea related to
the equivalence of the so-calledstatistical ensemblesin the thermodynamics limit: speci�cally, the
micro-canonical ensemble, where
( E ) is the actor, and the canonical (or Gibbs) ensemble, where one
deals with Z (� ). We start by rewriting:


 ideal (E ) =
Z � 0 + i 1

� 0 � i 1

d�
2�i

e�E � F ideal ( � ) ; (1.67)

11 Note that Z (� ) is dimensionless because
( E ) has dimensions of inverse energy. If this is not your �rst statistical
mechanics' course, you will recognize that Z (� ) is the canonical partition function, and F = �F where F is the free
energy, while � will be related to temperature by � = 1 =(kB T ) where kB is the Boltzmann constant.

12 At variance with Fourier transforms, which are very symmetrical, the inverse Laplace transform involves an integral
along a contour in the complex plane, known as Mellin's inverse formula or Bromwich integral (see Wikipedia).

13 By the Cauchy residue theorem we can freely change the path of integration as long as you do not cross any singularity
of the function.

14 Simply use the Gaussian integral: Z
dp

p
2�

e� � p 2

2m =
r

m

�
:

15 Proceeding exactly, we notice that if 3N is an even number, then 3N=2 is an integer, and Z (� ) has a pole of order 3N=2

in the origin � = 0 : the residue of such a pole can be easily calculated by extracting the term (�E )
3N

2 � 1=( 3N
2 � 1)!

coming from e �E , which leads to a simple pole 1=� . This simple calculation gives: 16


 ideal (E ) =
1

E �( 3N
2 )N !

"
V (2�mE )

3
2

h3

#N

: (1.65)

When 3N is odd the integrand has a branch cut along the negative real axis: the calculation is nevertheless quite
simple, and leads to the same result you see above when expressing everything in terms of the Euler �( z) function,
which now would be at half-integer arguments. By calculating log E 
( E ) we can easily extract the extensive
statistical entropy of the ideal gas as: 17

Sideal (E; V; N ) = N log
eV

N

�
4�m eE

3h2N

� 3
2

: (1.66)
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Figure 1.7.: The entropy of the ideal gas. Figure quite in scale: the point (V=V0 = 1 ; E=E 0 = 1) represents
one mole of Argon, assumed to be an ideal gas, atT0 = 273:15 K, p0 = 10 5 Pa, V0 = 22 :711 dm3 . Notice
concavity.

where

Fideal (� ) ' � N log
eV
N

�
2�m
h2�

� 3
2

: (1.68)

So far, � 0 is the (arbitrary) real part of the points where we start and �nish our Mellin's contour in the
complex plane. Now we calculate the stationary point of the quantity appearing in the exponential,
�E � Fideal (� ). Hence, we calculate a value of� 0 by solving @� (�E � F) = 0 :

E �
@Fideal

@�

�
�
�
� 0

= 0 = ) E =
3N
2� 0

=) � 0 =
3N
2E

: (1.69)

This result should ring a bell, if you remember the famous ideal gas lawE = 3
2 NkB T, where T is

the temperature and kB the Boltzmann constant: essentially, the saddle point� 0 should be identi�ed
with 1=(kB T).

For the time being, let us proceed as if we knew nothing aboutT and kB . Notice, that we should in
general think of � 0 as a function of the energyE we have set:� 0(E ). To expand �E � Fideal around
the stationary point � 0 we calculate the second derivative:

@2(�E � Fideal )
@�2

�
�
�
� 0

=
3N
2� 2

0
> 0 :

The third derivative gives:
@3(�E � Fideal )

@�3

�
�
�
� 0

= �
3N
� 3

0
:

Hence, around the stationary point we can write:

�E � Fideal (� ) = � 0E � Fideal (� 0) +
3N
4� 2

0
(� � � 0)2 �

N
2� 3

0
(� � � 0)3 � � �
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Notice that this immediately tells us that the stationary point of �E � Fideal (� ) is a minimum along
the real-� axis, but a maximum along the imaginary-� direction: it is a saddle point, as it should,
because analytic functions cannot have maxima or minima in the complex plane. Now we set our
Mellin's contour in the complex-� plane, parameterising it as

� (t) = � 0(1 + it ) ;

with t going from �1 to + 1 . Sinced� = i� 0dt we rewrite:


 ideal (E ) � e� 0 E � F ideal ( � 0 ) � 0

Z + 1

�1

dt
2�

e� 3Nt 2
4 + i Nt 3

2 ��� ; (1.70)

One thing that should immediately catch your interest is that the correct extensive entropy is already
reproduced by the mere saddle-point value:

Sideal (E ) = [ � 0E � Fideal (� 0)]
�
�
� 0 (E ) : (1.71)

The contribution due to the saddle-point �Gaussian� integral, and even the factor � 0 appearing, give
negligible power-law corrections in front of the leading exponential. We can ignore them altogether.
18

Notice the very appealing extensive19 form of this expression: it scales linearly with N with a
logarithmic factor that depends only on the volume per particlev = V=N (thanks to the Gibbs factor)
and on the energy per particle" = E=N , S(E; V; N ) = Ns ("; v ), where:

S(E; V; N ) = Ns("; v ) = N loge
5
2 v

�
4�m"
3h2

� 3
2

: (1.72)

Fig. 1.7 shows a plot ofSideal for �xed N , versusV and E.

This expression for the entropy, as written, will necessarily becomenegative � violating the third
law of thermodynamics � when the phase space volume per particle becomes of the order of, or
smaller than h3: in this regime quantum e�ects will turn out crucial. Notice also that S expression
is a concavefunction of its arguments, and a monotonic function of E . Hence you can invert it and
expressE(S; V; N). Explicitly, for the ideal gas you would have:

E ideal (S; V; N) = N
�

3h2

4�m e5=3

�
e

2S
3N

�
V
N

� � 2
3

:

Remark that E(S; V; N) is also extensive, monotonically increasing withS, and convex. These proper-
ties of S(E; V; N ) and of E(S; V; N) � extensivity, monotonicity in the �rst variable ( E or S, respec-
tively), and concavity (for S) or convexity (for E) � will be quite crucial in the whole construction
of thermodynamics. 20

18 Try to do the quadratic Gaussian integral explicitly by rescaling variables to y =
p

Nt , and you will see what happens:
it give a power-law prefactor to the exponentially dominated entropy-related main term.

19 To avoid misunderstandings, let us stress that �extensive� means that if you �double� your system, then N ! 2N ,
V ! 2V , E ! 2E , S ! 2S, i.e., every extensive property �doubles�.

20 We note here, in passing, that the derivatives of E do not contain the constant h and are ultra-simple:

@E
@S

�
�
�
V;N

= 2E
3N � kB T

@E
@V

�
�
�
S;N

= � 2E
3V � � p

(1.73)

Here we have anticipated things a bit and introduced the general relationship that these derivatives have with two
(intensive) variables well known to you: temperature T and pressure p. We will see how this comes about when
studying thermodynamics. By putting the two expressions together we get the famous equation of state of the ideal
gas:

pV = Nk B T : (1.74)
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If you reconsider the previous saddle-point derivation, you will realise that it is much more general
then for the ideal case: the crucial ingredient is thatE , S, F are all extensive, i.e., proportional to the
number of particle N , and the integral is exponentially dominated by the saddle-point. So, we expect
that in more general cases we will have:

S(E) = [ �E � F(� )]
�
�
� (E )

E =
@F
@�

�
�
�
� (E )

: (1.75)

Notice also that
@S
@E

= � +
�

E �
@F
@�

�
@�
@E

� � (E ) : (1.76)

We will see soon that the physical interpretation of � is that � = 1=(kB T), where kB Boltzmann's
constant and T is the temperature, the parameter that controls the thermal equilibrium between
bodies.

It is interesting that the relationships written above can be interpreted in a perfectly symmetric
way. Invert � (E ) into E(� ), and write

F(� ) = [ �E � S(E)]
�
�
E ( � )

Alternatively:
F + S = �E ;

where, depending on the variable one wants to use,� or E , one should re-express everything appro-
priately.

We will see that this is nothing but a Legendre transform. More precisely, as written, it connects
S and F as �Legendre pairs�, and is very symmetrical. For historical reasons, in thermodynamics one
tends to favour E rather than S � after all, it is simpler to �control� E , by insulating the system,
than S �, and use T rather than � . Switching from the Entropy-scheme, in which the fundamental
equation of thermodynamics would look something likeS(E; V; N; � � � ) to the Energy-scheme, in which
one deals withE(S; V; N; � � � ), � notice that only extensive variables appear in the arguments of both
� the most natural de�nition of Legendre transform, which is commonly adopted in thermodynamics,
is slightly less symmetric. We will adopt this way of looking at the Legendre transform, whereE and
the free-energyF are Legendre pairs, for instance.
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2. Thermodynamics

Many very good books on thermodynamics are available. The presentation below is based on the
book by Fermi, for Sec. 2.1, and on the books by Peliti1 [2] and Callen [3], for the remaining part.

2.1. Carnot Thermodynamics

This section is meant as a brief recap of some of the traditional concepts explained in high-school
and �rst-year courses on thermodynamics.

The 1st law of thermodynamics. You certainly recall that Joules (1840-1850) proved the
equivalence of heat and work, which led to a clear formulation of the 1st law of thermodynamics,
extending the concept of conservation of energy to the thermodynamical realm:

� E = Q + W ; (2.1)

where � E denotes the change in theinternal energy of the system, upon doing a transformation.
Here I adopt the convention that Q > 0 when heat is givento the system, whileQ = � Qrel < 0 if
some positive heatQrel > 0 is released to the environment. Less universal is the sign convention
on the work W . Here W > 0 when work is performedon the system. Viceversa,W = � W ext < 0
when a positive useful workW ext > 0 is extracted from the system. a

a Engineers, for obvious reasons, tend to use W ext in their formulas. Independently of the signs of these quantities,
we will use sometimes Q = � Qrel and W = � W ext in our manipulations.

i

Thermal engines are thermodynamical systems going through operating cycles, which try to convert
�heat� into useful �mechanical work�. 2 These engines have a fundamental limitation set by physics:
in trying to convert �heat� into �mechanical work�, you have to waste part of that heat, necessarily .
3 This is essentially the content of Kelvin's formulation of the 2nd law of thermodynamics.

Refrigerators are like reversed thermal engines: they transfer heat from a cold body to a hot
body/environment, but to do so you must perform some work, necessarily . 4 This is essentially
the content of Clausius's formulation of the 2nd law of thermodynamics. 5 6 You have seen already

1Notice that Peliti adopts a di�erent convention on the meaning of �convex� versus �concave� for a function, exactly
opposite to ours (and to what you �nd in Wikipedia, for instance). So, if you extract only parts of arguments
from that book, remember that when Peliti says �convex�, you should translate into �concave� (i.e., _ -convex for
extra-clarity), and vice-versa.

2Generally, engines do cycles that transform �some form of energy� into mechanical work. In some engines, for instance,
electrical motors, energy is transformed into mechanical work without fundamental limitations (apart from friction,
which you can in principle reduce to smaller and smaller values by improving your technology). Thermal engines
have a fundamental limitation set by the 2nd law of thermodynamics.

3The reverse is not true: I can totally transform work into heat; a bit of a waste, but that is essentially what you do
with an electrical heater.

4Other possibilities are given in presence of two heat baths. In particular, the thermal accelerator is a system in which
work is done on the system to accelerate the natural �ow of heat from the hot source to the cold one.

5Once again, the reverse is not true: simply unplug your refrigerator and open up its door.
6Modern air conditioners, with �inverters�, have two reversed directions built-in: they can work as refrigerators (during
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Figure 2.1.: Left: An impossible-to-build thermal engine, violating Kelvin's formulation of the 2nd law, and
the (perfectly allowed) waste of work that you do with your electrical heater. Right: A thermal engine and a
refrigerator.

the proof of the fact that the two formulations of the 2nd law are indeed equivalent: I will not repeat
that proof here.

Brie�y, thermal engines have to operate with at least two heat-reservoirs, at temperaturesT1 and
T2 > T 1. They take an amount of heat Q2 > 0 from the T2-reservoir, they perform some work
W ext > 0, and they release some smaller quantity of (wasted) heatQrel

1 > 0 to the T1-reservoir. They
do that by performing cycles, i.e., returning to the initial state repeatedly. The �rst-law tells us that
� E = 0 , henceW ext = Q2 � Qrel

1 .

E�ciency of thermal engines. The e�ciency of the engine is by de�nition the ratio of the
work performed W ext over the heat absorbedQ2. Hence

� =
W ext

Q2
=

Q2 � Qrel
1

Q2
= 1 �

Qrel
1

Q2
: (2.2)

Notice that 0 � � � 1. The 2nd law will force the second inequality to be strict: � < 1.

i

Carnot understood that the crucial ingredient to maximize the e�ciency, for �xed T1 and T2, is the
reversibility of the engine.

Reversibility. Reversibility needs some comments. In essence, reversibility requires aquasi-
static transformation , in which the system very slowly evolves by in�nitesimal steps which proceed
through equilibrium states. But this is not enough. Reversibility requires that you can macro-
scopically �undo� the process, by an in�nitesimal change in the control parameters, reversing the
direction of the action performed. This requires, in particular, that all sources of friction be
eliminated. For instance, a reversible isotherm is one in which the temperature of the reservoir
is in�nitesimally di�erent from that of the system, in such a way that an in�nitesimal quantity
of heat �ows in/out of the system, heat that the system uses to perform/absorb work. Such
an action can be reversed, by adjusting the temperature of the reservoir, provided one neglects
the friction between the piston and the chamber, which always opposes the motion. Joule's free
expansion provides an example of anirreversible process: the system expands in vacuum while no
heat is absorbed, nor work performed. Even if you think of this expansion as proceeding through
in�nitesimal small free-expansions (just imagine a long tube with a myriad of small faucets you
can open one after the other), it is clear that you cannot macroscopically �undo� each in�nitesimal
step.

i

summer) or as �heat pumps� (during winter). The latter, however, should not be regarded as a �thermal engine�
because it uses (electrical) work rather then producing it. The inverter simply implements an exchange of the �role�
of the two bodies in a refrigerator: a �heat pump� takes away heat from the (colder) outside environment to give it
to your house.
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A perfectly reversible engine can execute a reverse cycle, working as a refrigerator: absorbQ1 > 0
from the low-temperature thermostat at T1, absorb some workW = � W ext > 0 to release a large
amount of heat Qrel

2 > 0 to the T2 (high-temperature) thermostat, with exactly the same �e�ciency�
7 � = W

Q rel
2

. We can prove the following:

Carnot theorem. Among all thermal engines working with two heat-reservoirs atT1 and T2:

(a) No engine can have an e�ciency larger than that of a reversible engine.

(b) Reversible engines must have the same e�ciency, independently of the working substance of
the engine.

(c) A reversible engine has (maximal) e�ciency given by:

� rev = 1 �
T1

T2
: (2.3)

i

Proof. Statement (a) is proved by contradiction. Imagine there is some wonder engine with the e�ciency

� wonder =
W ext

Q2
> � rev =

W ext
rev

Q2;rev
=

Wrev

Qrel
2;rev

;

where in the last equality we have reversed the cycle of the reversible engine. Now construct a combined

Figure 2.2.: The set-up to prove Carnot's theorem. The width of the arrows indicates the amount of heat.
The green and red segments on the left and right axis correspond to the work and heat. The e�ciency is the
ratio of �green to red segments�: the lower is the position of the rectangle denoting the system, the larger is
the e�ciency. The supposed larger e�ciency for the wonder engine implies less released heat (smaller arrow,
lower system box) as compared to the heat absorbed by the Carnot refrigerator, using the same work extracted
from the wonder engine. The net result is heat transferred from T1 to T2 , against Clausius' formulation of the
2nd law.

engine that uses the wonder-engine to produceW ext and a (reversible) Carnot refrigerator absorbing exactly
that work Wrev = W ext produced by the wonder-engine. The supposed inequality

W ext

Q2
>

Wrev

Qrel
2;rev

�
W ext

Qrel
2;rev

=) Q2 < Q rel
2;rev ;

henceQrel
2;rev � Q2 > 0 is the overall heat releasedto the T2-reservoir. Energy balance (1st principle) requires

that

W ext = Q2 � Qrel
1 = Qrel

2;rev � Q1;rev = Wrev =) Qrel
2;rev � Q2 = Q1;rev � Qrel

1 > 0 ;

7Notice that usually the performance of a refrigerator is de�ned in a slightly di�erent way, through a coe�cient of
refrigeration � = Q1=W .
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henceQ1;rev � Qrel
1 > 0 is the heat absorbed from the T1-reservoir. The combined e�ect of the wonder-engine-

plus-Carnot-refrigerator is therefore to transfer a certain amount of heat Q1;rev � Qrel
1 > 0 from a cold reservoir

to a hot reservoir, without other e�ects. This violates the 2nd law of thermodynamics in the formulation by
Clausius. Statement (b) is now very simple: we did not use any particular property of the �wonder engine�:
imagine it is a second reversible engine working with a newly invented substance: we proved that its e�ciency
cannot be larger than the �rst reversible engine. But, exchanging the roles of the two, it cannot also be
smaller! Henceall reversible engines must have the same (maximal) e�ciency. Statement (c) follows from the
fact that the maximal e�ciency is independent of the substance. Hence you can calculate it using an ideal gas
as a working substance. A prototypical reversible cycle working between T1 and T2 is the Carnot cycle, made
by two reversible isotherms, and two reversible adiabatics. 8 A standard calculation, typically performed in
high school, shows that the e�ciency of the reversible Carnot cycle is indeed 9

� rev = 1 �
Qrel

1

Q2
= 1 �

T1

T2
:

E�ciency vs maximum power. One important observation is that maximum e�ciency does
not mean that a Carnot engine is particularly useful. Indeed, reversibility requires a very slow
operation: ideally, you should produce work in a cycle that lasts an in�nitely long time. This
implies that the power produced, which is the work per unit time, goes to zero. It is interesting
to ask how to design amaximum powerengine. The endo-reversible engine described by Curzon
& Alhborn [3] does that.

!

Carnot inequality. Carnot's theorem implies that for any engine working betweenT1 and T2

we have:

� = 1 �
Qrel

1

Q2
� � rev = 1 �

T1

T2
=)

Q2

T2
�

Qrel
1

T1
=

Q2

T2
+

Q1

T1
� 0 : (2.4)

In the last step, we have replaced� Qrel
1 = Q1 < 0. We will refer to Eq. (2.4) as the Carnot

inequality. From now on we will write all heat exchanges asQi , in such a way that heat has an
arbitrary sign: positive if heat is absorbed, negative if released.

i

8Alternative cycles, like the Stirling cycle which substitutes the two adiabatics with two isochores, can also be made
reversible, and therefore with maximal e�ciency. Nevertheless, while a reversible adiabatic needs just that you isolate
your system from the reservoirs and you perform/absorb work by a quasi-static expansion/compression, reversible
isochores require that you continuously adjust the temperatures of the reservoirs giving/absorbing heat in such a way
that they are in�nitesimally close to that of the system, while the system increases/decreases its temperature from
T1 to T2 or vice-versa. Hence, the Carnot cycle is in a sense the most �economical� one in terms of heat-reservoirs.
For a discussion of the e�ciency of several well-known cycles, see Arovas.

9The fact that � rev is a universal function of the two reservoirs temperatures, together with the fact that an ideal gas
Carnot cycle leads to Qrel

1 =Q2 = T e
1 =Te

2 , where T e
1;2 denotes the empirical temperatures measured by, for instance,

gas thermometers, led Kelvin to introduce an absolute temperature scale by simply de�ning the ratio of the absolute
temperatures of two systems as the e�ciency of the Carnot cycle operating between two reservoirs held in thermal
equilibrium with the two systems:

T1

T2
� 1 � � rev :

This de�nition is universal, because the e�ciency of a reversible engine is universal, and can be in principle made
into an actual �graduated� scale as explained in the book by Huang. Quite nicely, it coincides with the empirical gas
thermometer scale in the regions where gas thermometers can operate, provided you �x a common reference point,
which is taken to be the temperature of the triple point of water: T0 = 273 :16 K � .
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Figure 2.3.: Left: A cycle in the T � V plane working with n reservoirs at temperatures Ti . Red horizontal
lines are isotherms (with an exchange of heat Qi ), blue lines are adiabatics (just a sketch) during which no
heat is exchanged. Right: An arbitrary engine E exchanging heat Qi during isotherms with reservoirs at
temperatures Ti , producing a work W ext

E . The left part sketches the auxiliary system made by n Carnot
reversible engines so devised that they �give back� (if Qi > 0) or �take� (if Qi < 0) exactly an amount of heat
Qi from each Ti -reservoir, while their second reservoir is a common one at temperature T0 .

Clausius inequality. Consider now the arbitrary cycle represented in aT � V diagram of
Fig. 2.3. The system goes through a series of isotherms at di�erent temperaturesTi (i = 1 ; � � � ; n);
the isotherms are connected by adiabatics (where heat is not exchanged). CallQi the heat
exchanged during the isotherm atTi , where Qi > 0 for expansions,Qi < 0 for compressions.
What Clausius proved in 1865 is a generalisation of Carnot's inequality, i.e.:




nX

i =1

Qi

Ti
� 0 ; (2.5)

the equal sign applying only if the cycle isreversible.

i

A proof of this statement proceeds as follows. Imagine that we supplement our engine with a series of n
reversible Carnot cycles working between a common reservoir at temperature T0 and the various Ti -reservoirs.
This auxiliary Carnot system is devised in such a way as to �give back� (if Qi > 0) or �take� (if Qi < 0) exactly
an amount of heat Qi from each Ti -reservoir, in such a way that each Ti -reservoir is left in its initial state at
the end of each cycle of the combined system. Correspondingly, each Carnot cycle takes/gives back a quantity
of heat Q0i from the T0 reservoir, performing a work W ext

i (which can be positive, or negative if the Carnot
engine works like a refrigerator). The Carnot relationships imply that 10

� Qi

Ti
+

Q0i

T0
= 0 = ) Q0i = T0

Qi

Ti
:

The total heat Q0 exchanged by the Carnot cycles with the T0-reservoir is therefore

Q0 =
nX

i =1

Q0i = T0

nX

i =1

Qi

Ti
:

Let W ext
E be the work performed by the main engine E. The total work performed during the cycle is

W ext = W ext
E +

nX

i =1

W ext
i :

But the combined e�ect of the main engine plus Carnot auxiliary system is to perform a cycle during which
heat Q0 is exchanged with a single reservoir, producing a work W ext = Q0 . Hence, by Kelvin's formulation

10 Notice that if Q i > 0 the Carnot system has to give back that heat, meaning that it releases heat to the Ti -reservoir,
hence the � Q i < 0 term below.
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of the 2nd law we must have:

W ext = Q0 = T0

nX

i =1

Qi

Ti
� 0 ; (2.6)

the equal sign applying only if the engine E is reversible.

Quite clearly, you can make the cycle in Fig. 2.3 as close as you wish to an arbitrary cycle inT � V
space: you just need to taken ! 1 , exchanging in�nitesimal amounts of heat �Q i with each reservoir
at a dense mesh of temperaturesTi . In that limit, the Clausius inequality can be written in terms of
an integral: I

�Q
T

� 0 : (2.7)

The equal sign applies only to reversible cycles, for which �Q can be identi�ed with an (inexact)
di�erential form d� Q, for which we write: 11

I
d� Q
T

�
�
�
rev

= 0 : (2.8)

The fact that a cyclic reversible transformation has zero integral ofd� Q=T implies that, while d� Q is
an inexact di�erential form, d� Q=T is an exact di�erential .12

The entropy function. The integral
Z


 rev
i ! f

d� Q
T

= S(X f ) � S(X i ) ; (2.9)

is independent of the (reversible) transformation 
 rev one might consider, and depends only on
the �nal and initial points X f =i . S is a state function, the entropy, whose exact di�erential is
given by:

dS =
d� Q
T

: (2.10)

More about the meaning of the thermodynamical variablesX in the following sections.

i

Ideal gas example. Let us apply this idea to calculate the entropy di�erence for an ideal gas, for
which pV = NkB T and E(T) = 3

2 NkB T. The reversible path 
 rev
i ! f is made by an isotherm at Ti ,

which changes the volume fromVi ! Vf , followed by a reversible isochor atVf , which changes the
temperature from Ti ! Tf . During the isotherm the heat and the work are equal (recall that E (T)
does not depend on the volume), hence the entropy change during the (reversible) isotherm is

� Srev :isotherm =
Qrev

Ti
=

W ext
rev

Ti
= NkB log

Vf

Vi
:

Then we do a reversible isochor atVf . Since the constant volume heat capacity of the monoatomic
ideal gas isCv = 3

2 NkB we get an entropy change:13

� Srev :isochor =
Z T f

T i

dT
Cv

T
=

3
2

NkB log
Tf

Ti
:

11 We restrict the use of d� Q to in�nitesimal reversible transformations, while �Q indicates a generic in�nitesimal quantity
of heat exchanged.

12 One often says that 1=T is the integrating factor for the inexact di�erential d� Q.
13 More generally, if we use the 3rd law of thermodynamics, which states that S vanishes at T = 0 (this law is inherently

quantum in nature), then you can, for instance, obtain the entropy at any �nite T by integration of the speci�c heat
at constant volume Cv (T; V ):

S(T; V ) =
Z T

0
dT 0 Cv (T 0; V )

T 0
:

More about this later on.
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The total entropy change is, therefore:

� S = NkB log
Vf

Vi
+

3
2

NkB log
Tf

Ti
= NkB log

Vf

Vi

�
Tf

Ti

� 3
2

; (2.11)

which gives precisely the same result as our statistical mechanics calculation in Eq. (1.72).14

Let us explore a few consequences of Clausius' inequality. Consider a general transformation
 i ! f

followed by a reversible transformation 
 rev
f ! i . We get:

Z


 i ! f

�Q
T

+
Z


 rev
f ! i

d� Q
T

� 0 =)
Z


 i ! f

�Q
T

� S(X f ) � S(X i ) = � S : (2.13)

If the transformation 
 i ! f occurs in an isolated system� one usually calls such a transformation an
adiabatic �, it must imply no exchange of heat, �Q = 0 . Hence:

2nd law in terms of entropy. For an arbitrary transformation in isolated systemsthe entropy
cannot decrease:

� S = S(X f ) � S(X i ) � 0 : (2.14)

Reversibletransformations of isolatedsystems (reversible adiabatics) have� S = 0 . They are also
called isoentropic transformations. More generally, if you consider the system plus its environ-
ment, which is by de�nition isolated, you necessarily have that for any transformation the total
entropy cannot decrease:

� Stot = � SS + � SE � 0 :

i

Consider now isothermal transformations, where the system is maintained in contact with a thermal
reservoir at temperature T. Clausius' inequality, as encoded in Eq. (2.13), now implies that

Z


 i ! f

�Q
T

=
QT

T
� S(X f ) � S(X i ) = � S =) QT � T � S ; (2.15)

where QT is the heat exchanged with the thermostat. If you call WT the work done on the system
during the transformation, and you use the 1st law� E = QT + WT then you conclude that

� E = E(X f ) � E (X i ) = QT + WT � T � S + WT : (2.16)

Helmholtz free-energy and isothermal work. We will see later on that the quantity F = E � TS is an
important thermodynamical potential, relevant when you can control the temperature T. It is known
as Helmholtz free-energy. For isothermal transformations � F = � E � T� S, hence we deduce that
the Clausius' inequality directly leads, through Eq. (2.16), to the following isothermal work inequality:

� F = F (X f ) � F (X i ) � WT : (2.17)

The equal sign applies toreversible isotherms, which shows that the free-energy acts as a sort of
� bank account balance� for work: the change in free energy is equal to the amount ofreversible work
performed on the system. For a general isothermal transformation, some work is inevitablydissipated,
i.e., it does not increment the free-energy of the system:

Wdiss = WT � � F � 0 : (2.18)

More about these facts when we will discuss stochastic thermodynamics inequalities.
14 Recall that Eq. (1.72), after introducing the Boltzmann constant, leads to:

S(E; V; N ) = Nk B log e
5
2 v

�
4�m"

3h2

� 3
2

; (2.12)

where " = E=N and v = V=N. Using the fact that " = E=N = 3
2 kB T for an ideal gas, you see that the two

calculations agree.
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2.2. Entropy and the fundamental principle

The elementary considerations of the previous section are unsatisfactory for at least two reasons:

1) How should I select the variablesX which supposedly govern the behaviour of the entropy function
S or of the other thermodynamical potentials? What are suchX and how many variables should
I use?

2) The 2nd law appears encoded by Clausius' inequality. We have seen speci�c implications for
adiabatics and for isotherms, but the scheme does not seem general and �exible enough.

We will now see how it is possible to give a new mathematical dress to the 2nd law of thermodynamics,
building the whole theory starting from some speci�c requirements given to theentropy function.

So, let us assume that there is a set of extensive variables describing your system, likeE (the total
energy) V (the volume), N (the total number of particles), for a simple homogeneous �uid. This
is called the fundamental hypothesis of thermodynamicswhich states that it should be possible to
fully characterise the thermodynamical state of a system by specifying an appropriate (small) set of
extensive variables. 15 More generally we denote these extensive variables by:

X = ( X 0 = E; X 1; � � � ; X r| {z }
=X

) = ( E; X) : (2.19)

The extensive variablesX = X 1; � � � ; X r can be thought as �generalised displacements� giving rise to
a reversible work(inexact) di�erential form 16 17

d� W = � pdV + � dN + � � � =
rX

i =1

f i dX i = f � dX : (2.20)

The associatedgeneralised forcesf = ( f 1; � � � ; f r ) are intensive variables, 18 for instance f 1 = � p,
f 2 = � , etc. The generalised forces should be regarded, themselves, as functions of the relevant
thermodynamical variables (E; X), for the time being, or, when we switch to the energy-scheme (see
below), (S;X).

We will give now a new dress to the 2nd law of thermodynamics, by formulating it in more math-
ematical terms. We will see how useful this reformulation is. Let us assume that you are given an
entropy function S(E; V; N ) � or more generally S(E; X) = S(X ) � which is a continuous function
19 of the set of extensive variables describing your system with the following properties:

Additivity. If a system is made of two parts, described byS1(X (1) ) and S2(X (2) ), then the combined
system 1 [ 2 has entropy

S1[ 2(X (1) ; X (2) ) = S1(X (1) ) + S2(X (2) ) : (2.21)

15 In more complex systems you might have to include the number of several di�erent chemical species, N1 ; � � � ; N k , or
the total magnetisation M of your system, or the area of some surface which is relevant in describing the contact
between several systems, etc. All of these should be included in the list of the extensive variables.

16 d� W is the in�nitesimal work associated with a reversible transformation in which the X change in�nitesimally.
Reversibility is important, as evident from a quasi-static in�nitesimal Joule expansion in vacuum, where no work is
performed although V changes to V + d V .

17 In homogeneous crystalline solids, the usual isotropic term pdV appearing in the work should be supplemented by
stress-strain terms of the form V

P
ij � ij d� ij where � ij is the stress tensor and � ij the strain tensor appearing in

the theory of elasticity.
18 Intensive variables, like p or � , should not be confused with �densities�, like E=N , V=N, or N=V . We will comment

on this distinction later on.
19 In most cases this continuous function is also continuously di�erentiable, except at phase transitions, where the

derivatives can have discontinuities. More about this later on.
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Monotonicity in E . S is an increasing function ofE : 20

@S
@E

�
�
�
�
X

= � (E; X) > 0 : (2.22)

Concavity. S is a concave function of all its arguments.

These requirements, together with the fundamental �principle of maximum entropy�, which I am
going to illustrate and then formulate, encode essentially the 2nd law of thermodynamics.

Before doing that, let us observe that additivity implies that if I join together two identical copies
of my system, then I must have S(2E; 2X) = S(E; X) + S(E; X) = 2 S(E; X). More generally, by
playing with di�erent integers and fractions of the system, I expect that additivity implies extensivity
of the entropy, which can be more generally expressed as:

S(� X ) = �S (X ) 8� > 0 : (2.23)

Mathematically, this can be rephrased by saying theS is a homogeneous functionof degree1, for
which we could apply Euler's theorem (see Wikipedia),21 as we will do in a short while. Next, we
observe that sinceS is concave, then it must be a concave function ofE alone: If I plot S(E; X)
versusE at �xed X the derivative � (E; X) will decrease asE increases. Hence we understand that if
we de�ne instead:

@S
@E

�
�
�
�
X

= � def=
1

TS > 0 ; (2.25)

then TS (E; X) will be an increasing function of E . We will soon see thatTS can be identi�ed with
the absolute temperature of a system in equilibrium, but for the moment we add a label �S� to it.

Let us now consider a system made of two parts that, although in contact, are initially isolated from
each other, as well as from the external world, through a thermally insulated wall. System1 and 2
are initially in equilibrium, characterised by extensive variables (E in

1 ; X1) and (E in
2 ; X2), respectively,

and have entropy S1(E in
1 ; X1) and S2(E in

2 ; X1). Because of additivity, the total entropy is

S1[ 2(E in
1 ; E in

2 ; X1; X2) = S1(E in
1 ; X1) + S2(E in

2 ; X1) :

Now we remove the insulation in the wall separating1 from 2 so that the two systems can exchange
energy and reach a �nal equilibrium state. The total energy E = E1 + E2 = E in

1 + E in
2 is conserved,

but the share of energy that the two systems will make will be di�erent. How? The principle of
maximum entropy will tell us that among all possible choices ofE1 and E2, the �nal equilibrium is
realised when the entropy of the combined system ismaximum, i.e.,

MaxE 1 + E 2 = E S1[ 2(E1; E2; X1; X2) =) (E eq
1 ; E eq

2 ) : (2.26)

In other words, by maximising the total entropy under the given constraint of �xed total energy one
obtains the actual equilibrium sharing of energy that the system will get to. Before we proceed with
this simple calculation, let us stress the �among the possible choices ofE1 and E2� means that I am

20 I use the standard �thermodynamical� notation of explicitly expressing the variables that are kept �xed, which might
appear redundant, because a partial derivative always requires that. The advantage of this notation is that I have
immediately under control the full set of variables that the function and the derivative I am calculating will be
dependent upon: above, for instance, I might omit the variables in � (E; X) and simply write � . Having control of
the variables is vital in a �eld in which changing variables, with the associated partial derivative gymnastic, can
become quite a nightmare.

21 A function f (x ) is (positively) homogeneous of degree k if for every � > 0 you have that f (� x ) = � k f (x ). If f (x ) is
continuously di�erentiable, then Euler theorem states that:

x � r f (x ) = kf (x ) : (2.24)
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assuming that I consider the entropy of avirtual state, characterised by(E1; E2; X1; X2), which is not
an equilibrium state, unless I introduce appropriate constraints that force it (for instance, preparing
the two initial systems with the given values of E1 and E2 and maintaining the constraint of thermal
insulation). Callen calls such virtual states constrained equilibrium states. We will see later further
uses of this concept of accessing �virtual states� and minimising/maximising functions in a similar
way. To calculate the constrained maximum, we introduce a Lagrange multiplier and search for the
extremum, for �xed X1; X2, of the function

eS(E1; E2; � ) = S1(E1; X1) + S2(E2; X1) � � (E1 + E2 � E ) :

The two derivatives with respect to E1 and E2 give:
8
>>><

>>>:

@S1
@E1

�
�
X 1

= �

@S2
@E2

�
�
X 2

= �

=)
@S1
@E1

�
�
�
�
X 1

=
@S2
@E2

�
�
�
�
X 2

: (2.27)

Hence, equilibrium is realised when the two energy-derivatives of the entropies match, i.e.:

@S1
@E1

�
�
�
�
X 1

=
1

TS
1 (E eq

1 ; X1)
�

1
TS

2 (E eq
2 ; X2)

=
@S2
@E2

�
�
�
�
X 2

:

But we can say even more. Since the entropy is maximised (more comments about why we must have
obtained a maximum, and not simply an extremum, below), we can say that:

S1(E eq
1 ; X1) + S2(E eq

2 ; X2) � S1(E in
1 ; X1) + S2(E in

2 ; X2) : (2.28)

But each Si (E i ; X i ) is a concave function of its energyE i . And one of the characteristics of concave
functions is that they stay below their tangent at any point. Hence, for instance:

S1(E eq
1 ; X1) � S1(E in

1 ; X1) �
@S1(E in

1 )
@E1

�
�
�
�
X 1

(E eq
1 � E in

1 ) =
1

T in
1

(E eq
1 � E in

1 ) ;

where T in
1 denotes the initial �temperature� (we have omitted the �S� label) of system 1. A similar

equation holds for system2, initially at �temperature� T in
2 . Rearranging the terms in Eq. (2.28) we,

therefore, deduce that:

0 �
�
S1(E eq

1 ; X1) � S1(E in
1 ; X1)

�
+

�
S2(E eq

2 ; X2) � S2(E in
2 ; X2)

�

�
1

T in
1

(E eq
1 � E in

1 ) +
1

T in
2

(E eq
2 � E in

2 ) =
�

1
T in

1
�

1
T in

2

�
(E eq

1 � E in
1 ) ; (2.29)

where we used thatQ2 = E eq
2 � E in

2 , the �heat absorbed-or-released� by2, is the opposite of Q1 =
E eq

1 � E in
1 . So you see thatQ1 > 0 goes with T in

1 < T in
2 and vice-versa. Hence, the principle of

maximum entropy and the concavity of S has led us to Clausius' formulation of the 2nd law: Heat
�ows spontaneously (and irreversibly) from �hot� to �cold� bodies.

This suggests thatTS (E ) is indeed a �measure� of temperature: it signals thermal equilibrium and
the direction of heat �ow. In general, if TS is a genericmonotonic function of the absolute temperature
T, it would do its job correctly. But we can show that TS must be a linear function of the absolute
temperature T: hence, if you measure it in the appropriate scale, you can simply identifyTS with the
absolute temperatureT.

To show this, imagine that we construct a thermal engine with two usual �heat reservoirs�, one at a high
temperature T2 and one at a lower temperature T1 < T 2 . This time, however, we imagine that the whole
system is enclosed in a perfectly insulating enclosure so that the only exchange of energy with the external
world is through the mechanical work W that the engine produces. Let us re-examine in more detail what
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we mean by heat-reservoir. Before the engine cycle starts, the T2-reservoir has energyE in
2 , while at the end

of the cycle, it has energy E �n
2 and has given to the system a certain amount of heat Q2 = E in

2 � E �n
2 > 0.

Consider now the entropy of the T2-reservoir as a function of its energy E2 , S2(E2 ; X2). Since its energy has
decreased,E �n

2 = E in
2 � Q2 < E in

2 , you would imagine that not only the entropy of the reservoir has decreased
but also is temperature should be slightly decreased (remember that S2 is a concave function of E2 , which
implies that T S

2 (E2) is a monotonically increasing function of energy). Nevertheless, since the initial energy
of the reservoir is immensely larger than the heat Q2 it gives up in a cycle � E2 � Q2 � you can reasonably
approximate S2(E2 ; X2) with its linear-term Taylor expansion. With the shorthand T S

2 (E in
2 ) = T S

2 we can
therefore write:

S2(E2) � S2(E in
2 ) +

1
T S

2
(E2 � E in

2 ) :

A similar hypothesis, and formula, holds for the T1-reservoir, but remember that the engine gives heat Q1 =
E �n

1 � E in
1 > 0 to the reservoir. At the end of the cycle, the engine has produced a work W returning to its

initial state (hence � E = 0 and � S = 0 for the engine alone). The work W ext produced, by the 1st law of
thermodynamics, is equal to

W ext = Q2 � Qrel
1 =

h
E in

2 � E �n
2

i
�

h
E �n

1 � E in
1

i
:

On the other hand, the total entropy change of the two reservoirs should be non-negative, hence: 22

� Stot =
h
S2(E �n

2 ) � S2(E in
2 )

i

| {z }
� Q 2
T S

2

+
h
S1(E �n

1 ) � S1(E in
1 )

i

| {z }
Q rel

1
T S

1

= �
Q2

T S
2

+
Qrel

1

T S
1

� 0 :

By using this inequality, which implies Qrel
1 � Q2

T S
1

T S
2

, we can derive that

W ext � Q2

�
1 �

T S
1

T S
2

�
:

But from Carnot's theorem and Kelvin's de�nition of the absolute temperature scale, we know that

W ext � Q2

�
1 �

T1

T2

�
:

Hence, we conclude that:
T1

T2
=

T S
1

T S
2

; (2.30)

i.e., we can identify T S with the absolute temperature T (provided we �x the same reference point T0 , the

triple point of water).

One thing that you might ask is: you imposed that the entropy has an extremum, through the
method of Lagrange multipliers, but who guarantees that this is indeed a maximum? Concavity is
once again the crucial ingredient. Let us see why. Consider the total entropy of a composite system
as a function of all the extensive variables of each of the subsystems. Additivity tells us that

Stot (X 1; X 2; � � � ) =
X

j

Sj (X j ) :

Each of the Sj is a concave functions of its variables, henceStot is also a concave functions of the
whole collection of extensive variables(X 1; X 2; � � � ). The constraints are that some of these variables
are kept �xed, � in the previous example, all the variables except E1 and E2 � while some of
the variables can change (I �relax� some �walls�, for instance allowing the �ow of heat) but with an
overall constraint still in place � in the previous case E1 + E2 = E. Overall, the constraints make
up a �hyper-plane� in the whole space (X 1; X 2; � � � ). The restriction of the total entropy Stot to
such a hyper-plane is what I am trying to �extremize�, and, as I will now show, indeed �maximise�

22 Notice that we are using here the Clausius inequality. This is a bit unsatisfactory, as we would like to derive everything
from the maximum entropy principle. I think that this can be done, but we have no pretence of being axiomatic
here. So we take this shortcut at this point.
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(automatically, no need to check). Indeed, the restriction of a concave function to a hyperplane is still
a concave function. 23 Contrary to each individual Sj (X j ) � which, I remind you, is the entropy of
a subsystem in equilibrium for a value of the extensive parametersX j � which are concave but have
generally no extremal point (think of the ideal gas entropy), the concave total-entropy function Stot

restricted to the hyper-plane set by the constraintscan have an extremum(this is what the Lagrange
method gave us).

The importance of concavity. The extremum of a concave function, if it exists, must be a
maximum. In one dimension, the result is trivial to picture and show. More generally, the key
ingredient is that a concave function lies alwaysbelow its tangent plane: at an extremal point,
where the gradient vanishes, this implies that the function is alwaysbelow the extremal value,
which is, therefore, a maximum.

i

Let's return to our simple example of two subsystems, but we now consider the slightly more
complex case in which the wall between system 1 and 2 ismovable, so that the two systems can
redistribute also their volumes, under the new constraint that V1 + V2 = V is �xed. The principle of
maximum entropy for the combined system tells us that the re-distribution of energies and volumes
will lead to a maximum of:

MaxConstraints S1[ 2(E1; E2; V1; V2; X1; X2) =) (E eq
1 ; E eq

2 ; V eq
1 ; V eq

2 ) ; (2.31)

where X1 and X2 denote the other (�xed) variables of system 1 and 2. The maximum is obtained
from the Lagrange multiplier function

eS(E1; E2; V1; V2; � 1; � 2) = S1(E1; V1; X1) + S2(E2; V2; X1) � � 1(E1 + E2 � E ) � � 2(V1 + V2 � V ) :

The derivatives with respect to E1 and E2 imply, as before, equal temperatures:

@S1
@E1

�
�
�
�
V1 ;X 1

=
1
T1

�
1
T2

=
@S2
@E2

�
�
�
�
V2 ;X 2

:

The derivatives with respect to V1 and V2 imply the new condition:
8
>>>>><

>>>>>:

@S1
@V1

�
�
�
�
E 1 ;X 1

= � 2

@S2
@V2

�
�
�
�
E 2 ;X 2

= � 2

=)
@S1
@V1

�
�
�
�
E 1 ;X 1

=
@S2
@V2

�
�
�
�
E 2 ;X 2

: (2.32)

Hence we understand that equilibrium is now regulated also by the volume derivative of the entropy:

@S
@V

�
�
�
�
E; X

def=
p
T

: (2.33)

Here p is a quantity that we will soon discover to be related to the pressure. For the time being, let
us take it as a de�nition of the volume derivative of S. Hence, in presence of a movable wall that
allows the exchange of energy, the maximum entropy principle predicts that equilibrium is obtained
by imposing that T1 = T2 and p1 = p2. Again, since Si (E i ; Vi ; X i ) is a concave function of its energy
E i and volume Vi , it must stay below its tangent plane at any point. Hence, for instance:

S1(E eq
1 ; V eq

1 ; X1) � S1(E in
1 ; V in

1 ; X1) �
1

T in
1

(E eq
1 � E in

1 ) +
pin

1

T in
1

(V eq
1 � V in

1 ) ;

23 More generally, you can easily show that the restriction of a concave function to any domain that is convex � i.e., it
contains all the points �x 2 + (1 � � )x1 with � 2 [0; 1] if it contains x1 and x2 � is still concave.
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where T in
1 , and pin

1 denotes the initial temperature and �pressure� of system1. A similar equation
holds for system2, initially at temperature T in

2 , with �pressure� pin
2 . Maximisation of the total entropy

implies, once again, that:

0 �
�
S1(E eq

1 ; V eq
1 ; X1) � S1(E in

1 ; V in
1 ; X1)

�
+

�
S2(E eq

2 ; V eq
2 ; X2) � S2(E in

2 ; V in
2 ; X2)

�

�
�

1
T in

1
�

1
T in

2

�
(E eq

1 � E in
1 ) +

�
pin

1

T in
1

�
pin

2

T in
2

�
(V eq

1 � V in
1 ) : (2.34)

In particular, if the initial state was such that energy was in equilibrium, and the common temperature
of the two systems isT, then the �rst term vanishes and the inequality implies

0 �
1
T

�
pin

1 � pin
2

�
(V eq

1 � V in
1 ) :

Hencepin
1 > p in

2 implies that V eq
1 > V in

1 for a spontaneous process, as you expect from the interpreta-
tion of p as pressure. Quite nicely, the new dress for the 2nd law produces a consequence that appears
to extendClausius' formulation to other variables, like p here.

The �nal simple application of the law of maximum entropy is the derivation of equilibrium when
the wall is semi-permeableto a given chemical species denoted byk, such that Nk; 1 + Nk; 2 = Nk : such
k-particles can move across the wall (leading automatically to energy exchange). A similar calculation
will bring now to the equality, at equilibrium, of the derivatives with respect to Nk of the two entropies.
24 Here the crucial quantity is

@S
@Nk

�
�
�
�
E; X

def= �
� k

T
; (2.35)

where X denotes all extensive quantities exceptE and Nk . One can show that � k is indeed the
chemical potential of the chemical speciesk. We will also see the reason for the minus sign. More on
the derivatives of the entropy function in the next section.

With these examples in mind, it will be easier to understand the general principle of maximum
entropy:

Principle of maximum entropy. For a composite system made by di�erent subsystems
initially isolated from each other by wall-type constraints, and at �xed total energy E, the �nal
equilibrium state after some of these constraints are released is the one that maximises the total
entropy as a function of the free-variables (virtual states).

i

Exercise 2.1. The following exercise, taken from Callen, shows how to use the principle of maximum
entropy, in a slightly more complex situation, to derive the condition for mechanical equilibrium.
Consider the system in Fig. 2.4, where you assume that the system has no external pressure acting on
it, it is overall thermally isolated from the external world (total E = E1 + E2 + E3 is conserved), but
heat can �ow from one container to the other through the table on which the containers rest (which
makes otherwise no other contribution in this problem). Express the constraints between the volumes
of the three containers due to the rigid bar shown in the �gure astwo linear equations relating V1, V2,
and V3. Maximise the total entropy (you need 3 Lagrange multipliers) to �nd a relationship between
the equilibrium pressures of the three containers, as well as the three �nal temperatures. (Assume, as
we will soon show, that what enters in the volume derivative of the entropy is indeed the pressurep.)

24 Callen nicely summarises these three examples by arguing that, as T is the (generalised) �potential that governs heat
�ow�, and p is the �potential that governs volume changes�, in the same spirit, � is the �potential that governs matter
�ux�. �Potential� here should be understood in the sense that, for instance, di�erences in chemical potential provide
a �generalised force� to matter �ow, from regions of high � to regions of low � . When di�erent chemical species can
react together, the �nal chemical equilibrium is indeed regulated by the chemical potentials of the di�erent species.
� is, therefore, a crucial concept in thermochemistry. More about this, maybe, later on.
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Figure 2.4.: A system of three containers with gases inside, in thermal equilibrium through the common
thermally conducting table, and in absence of any external pressure.

2.3. The energy-scheme and the principle of minimum energy

The 2nd law of thermodynamics was reformulated in terms of the properties of the entropy function,
which depends onE and on the other extensive quantities. Let us now reformulate it by inverting
the relationship between S and E to express E(S;X). This is in principle easy: sinceS(E; X) is
a monotonic function of E , we can always invert it. It is simple to show that E(S;X) shares the
properties we have seen forS(E; X):

Additivity. If a system is made of two parts, described byE1(X (1) ) and E2(X (2) ), then the combined
system 1 [ 2 has energy25

E1[ 2(X (1) ; X (2) ) = E1(X (1) ) + E2(X (2) ) : (2.36)

Monotonicity in S. E is an increasing function ofS, and by the chain rule you get: 26

@E
@S

�
�
�
�
X

= T(S;X) > 0 : (2.37)

Convexity. E is a convex function of all its arguments.

The fact that E is a convex function follows from the fact that S is concave and monotonic in
E . You can prove it using the de�nition of convex/concave functions (see Peliti's book on page 26),
or, more simply, by observing that if the tangent plane to S(E; X) is abovethe entropy function at
any point, then when you considerE(S;X), the same plane will appearbelow the energy function.
Additivity, once again, implies that E is a homogenous function of degree one, for which Euler's
theorem applies (more about this in a short while):

E (� X ) = �E (X ) 8� > 0 ; (2.38)

where nowX = ( X 0 = S;X).

If you want to practice on your ability to recognise if a given putative fundamental equation, S(E; X)
or E(S;X), satis�es or not the essential requisites of thermodynamics (additivity, monotonicity, con-
cavity/convexity), consider Problem 1.10-1 and 1.10-2 in Callen's book.

Let us now consider the other derivatives ofE(S;X) at constant S. To do that, consider in�nitesimal
reversible iso-entropic transformations: they must involve no heat exchange, hence the change in
energy must be due to work only, by the 1st law:

dE jS = d� W =
rX

i =1

f i dX i :

25 Additivity here requires, clearly, that we neglect non-extensive terms that originate from the boundary of the two sys-
tems. Clearly, what we need to assume is that the interactions are reasonably short-ranged. Long-range interactions
lead to a failure of the additivity property.

26 Strictly speaking, I should denote the derivative as eT (S; X) = T (E (S; X); X ) because it is not the same function as
the T (E; X) appearing in the previous section. We simplify our notation, since the indication of the variables, or
even simply knowing what are the variables of the function, automatically suggests the correct dependence.
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Figure 2.5.: (Left) The entropy function of the ideal gas, versus E; V . (Right) The energy function of the
ideal gas, versusS; V .

Therefore, the derivatives ofE at �xed S give us directly the generalised forcesf i :
�

@E
@Xi

�

S
= f i (S;X) : (2.39)

This expression, together with Eq. (2.37), allows us to write the full di�erential of the function E as:

dE =

d� Q
z}| {
T dS +

d� Wz }| {X

i =1 ��� r

f i dX i ; (2.40)

where we have underlined the heat and work contributions, according to the 1st law. In the concrete
example of a homogeneous �uid we would write, for instance:

dE = T dS � pdV + � dN ; (2.41)

which immediately encodes all the remaining �rst derivatives of E :
8
>>>><

>>>>:

@E
@V

�
�
�
�
S;N

= � p(S; V; N)

@E
@N

�
�
�
�
S;V

= � (S; V; N)

(2.42)

We are now ready to explore the consequence of the homogeneity condition (2.38), which follows from
Euler's theorem on homogeneous functions. Taking a derivative with respect to� , and setting � = 1 ,
we easily derive from Eq. (2.38) (see Eq. (2.24)) that:

E (S;X) = T S +
rX

i =1

f i X i : (2.43)

For a simple homogeneous �uid this condition reads:

E(S; V; N) = T S � p V + � N : (2.44)

Notice the non-trivial nature of such an equality: it implies in particular that all derivatives of E �
like T, p, � , etc. � must be homogeneous functions of degree0, i.e., intensive variables.

Let us now return to the derivatives of S(E; X) we have already encountered in our applications
of the maximum entropy principle. We promised to show that they are indeed related to pressure
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and chemical potential. Let us see why. A �rst fast route to show this consists in simply taking the
expression for the di�erential dE , and inverting it to �nd the di�erential dS:

dS =
1
T

dE �
rX

i =1

f i

T
dX i : (2.45)

For a homogenous �uid:

dS =
1
T

dE +
p
T

dV �
�
T

dN : (2.46)

The expression fordS immediately encodes all the �rst derivatives and shows the promised result. If
you are not satis�ed by this rather swift derivation, then use more formally the properties of composite
and inverse functions. We do this explicitly to illustrate some useful tricks which consist in applications
of the chain rule of di�erentiation. Similar things appear repeatedly in thermodynamics. 27 SinceS
and E are inverse functions, you can clearly write:

S(E(S;X); X) = S ;

where we have momentarily denoted byS the function and by S the variable (and will similarly do
for E and E). If you take a derivative of the previous expression with respect toS, keeping all the X
�xed, applying the chain rule you get:

�
@S
@E

�

X

�
@E
@S

�

X
= 1 = )

�
@S
@E

�

X
=

�
@E
@S

� � 1

X
; (2.47)

which leads to the result for the temperature T we have already seen. But if you take the derivative
with respect to a di�erent variable X i included in X, which appears in S both directly and through
the dependence ofE on X i , then you get: 28

@S
@E

@E
@Xi

+
@S
@Xi

= 0 = )
@S
@Xi

= �
�

@E
@S

� � 1 @E
@Xi

= �
f i

T
; (2.48)

which shows the promised relationship between derivatives ofE and derivatives of S.

It is worth taking a small break to illustrate, by manipulating a bit the previous expressions, an
important non-trivial identity of thermodynamics, the so-called triple product identity . We rewrite the
�rst expression appearing in Eq. (2.48) by stressing (some of) the variables kept constant in taking
the partial derivatives: �

@S
@E

�

X i

�
@E
@Xi

�

S
= �

�
@S
@Xi

�

E
: (2.49)

Consider now the functionXi (E; S; X̂), where bX denotes all variablesX exceptX i , obtained by (locally)
inverting S(E; X). The derivatives at �xed E (and bX, which we omit indicating) are related by:

�
@S
@Xi

�

E
=

�
@Xi

@S

� � 1

E
: (2.50)

Substituting in Eq. (2.49) we can �nally write:
�

@S
@E

�

X i

�
@E
@Xi

�

S

�
@Xi

@S

�

E
= � 1 : (2.51)

Observe how a naif application of the chain rule of partial derivatives would predict the wrong result
that the product of these three derivatives would give+1 , while the correct result is � 1. So, beware of
27 One of the aspects of thermodynamics, which can easily generate confusion, is that functions of state can become

variables and vice-versa. For instance, the entropy is a function that becomes a variable when you invert it in favour
of E .

28 We did not want to make the notation too clumsy, but you should notice that f i (S; X) and T (S; X) should be
interpreted as f i (S(E; X); X ) and T (S(E; X); X ) when you use them in the expression below.
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such swift calculations. If you want to become an athlete in the thermodynamics gymnastic of partial
derivatives, go to Appendix B.4.

We are now ready to consider how the principle of maximum entropy translates in the new scheme
in which energy is the fundamental function.

Principle of minimum energy. For a composite system made by di�erent subsystems initially
isolated from each other by wall-type constraints, and at�xed total entropy S, the �nal equilibrium
state after some of these constraints are released is the one that minimises the total energy as a
function of the free-variables (alias virtual states, or constrained equilibrium states).

i

This result is quite easy to derive, a bit more di�cult to visualise in general. Fig. 2.6 tries to visualise,
for the case of thermal equilibrium of two ideal gases, how is it that the maximum entropy principle
implies a minimum energy principle and vice-versa (see also Callen's Figs. 5.1 and 5.2). Let us

Figure 2.6.: (Left) The total entropy of two ideal gases, each with one mole of particles at the same volume
V0 , versus the energies of the two gases, together with the plane ofE = E1 + E2 . The black sphere is the
maximum entropy equilibrium state. (Center) The same equilibrium state (black sphere), seen as a minimum
total energy state at constant S. Notice the unusual direction of increasing E1 and E2 in the two
energy axes. Notice also that, starting from the same initial point, the two processes lead to generally
di�erent �nal equilibrium points. (Right) Both the plane of total S and that of total E , shown together.

start with a formal proof, followed by some discussion that we �nd in Callen's book. Let X denote
the collection of all the extensive variables, beside the total energy E, which appear in any of the
subsystems making up the composite system we are considering. Notice thatX includes here the
energies of the di�erent subsystems (except one whose energy is obtained from the constraint of total
energy E), as well as their volumes, particle numbers, etc. Some of these variables are �xed by
wall-type constraints, some are free (virtual states) because we might remove some constraints, and
we know that their values Xeq are such that the entropy is maximum, for the given total energy E.
Hence, if �X denotes a variation of the free parameters, andXeq + �X any virtual state away from
equilibrium, we know that:

� S = S(E; Xeq + �X ) � S(E; Xeq) � 0 :

SinceS is a monotonically increasing function ofE , there must exist someE 0 � E such that

S(E 0; Xeq + �X ) = S(E; Xeq) :
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SinceE 0 > E , when you invert the relationship betweenS and E you will write the previous equation,
equivalently, by:

E (S;Xeq + �X ) � E (S;Xeq) ; (2.52)

which shows that the total energy is minimum at the equilibrium, for �xed total entropy S. 29

Callen gives also the following physical argument to justify the result. Suppose that the equilibrium
state is not associated with minimal energy at constantS. You could then subtract energy from the
system, keepingS constant, by performing some reversible workW in adiabatic conditions. Subse-
quently, you can give back that work in the form of heat Q transferred to the system. The internal
energy of the system would return to its original value, but the total entropy would now increase due
to the heat transfer. Hence, the initial state would not be associated with maximum entropy.

Callen discusses also the analogy between this problem and the iso-perimetric problem in geometry:
you know that the circle can be equally well characterised as the �gure ofmaximal area for a given
perimeter, or as the �gure of minimum perimeter for given area. Nevertheless, the two strategies
suggest two di�erent routes to obtaining the �circle�, which lead to di�erent �nal �states�. If you start
from a square of areaA = L 2 and perimeter P = 4L, and you deform the shape by keeping the
perimeter �xed, you will �nd that the maximum-area �gure is a circle of radius R = 2L=� . Viceversa,
by deforming the square while keeping the area �xed, you �nd that the minimum-perimeter �gure is a
circle of radius R = L=

p
� . In any case, once a given �extremal� circle is obtained, that �gure satis�es

both extremal conditions for its �nal values of area and perimeter. These two routes towards the �nal
equilibrium are also present in the thermodynamical case. Suppose you have a thermally insulated
cylinder with a piston inside (assumed to be thermally conducting), which divides the system into
two subsystems1 and 2. You now remove the constraint on the position of the piston and allow
the two subsystems to change their volumes and reach equilibrium at �xed total energyE. They do
so by maximising the entropy, which implies equal pressures for the two subsystems at equilibrium.
Alternatively, you can reach an equal-pressure equilibrium state keeping the entropy constant, by
doing reversible work with the piston, which you imagine attached to some external shaft pushing on
a spring and compressing it. If this process is done very slowly (reversibly), entropy is kept constant,
while the internal energy of the system isdecreased� because we do work and get no heat � until it
reaches a minimum in the equilibrium equal-pressure state30. Notice that the two �nal equilibrium
states aredi�erent , like in the iso-perimetric problem, but they share the property that they are both
minimum-energy and maximum-entropy with respect to variations of free parameters.

Exercise 2.2. Make detailed calculations of these two di�erent strategies for reaching an equal-
pressure �nal equilibrium for the case of an ideal gas occupying the two portions1 and 2.

Exercise 2.3. Re-derive our conditions for thermal and mechanical equilibrium by using the minimum
energy principle, instead of maximum entropy.

29 A proof based on evaluating the �rst and second derivatives of E (S; X) with respect to a free parameter X in terms
of the corresponding ones for S(E; X) is given in Callen's book, on page 134. The crucial minus sign in the second
derivative that transforms a maximum into a minimum is essentially related to the minus sign appearing in Eq. (2.48).
Indeed you can show (see Callen's Eq. 5.7) that at an extremal point:

@2E

@X2

�
�
�
�
S

= � T
@2S

@X2

�
�
�
�
E

:

30 Lorenzo Fant observes that the shaft system implies a slight imbalance in the two �nal pressures since there is a force
contribution due to the spring. Make estimates assuming that the spring constant is very small, and discuss more
carefully
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2.4. Equations of state

The equations of states are just the expressions of the various intensive parameters (generalised
forces) in terms of the extensive ones. An explicit example by using an ideal gas will clarify the
matter. Consider the fundamental equation S(E; V; N ), which I recall here:

S(E; V; N ) = NkB log
eV
N

�
4�m eE
3h2N

� 3
2

: (2.53)

You can write T, p, and � as a function of (E; V; N ) by taking derivatives of S:
8
>>>>><

>>>>>:

1
T = @S

@E = 3
2

kB N
E

p
T = @S

@V = kB N
V

�
T = � @S

@N = + 5
2 kB � S

N

: (2.54)

We will later show that, quite generally, � can be always re-expressed as a function of the other two
intensive parametersT and p. 31 Let us ignore it for a while. Notice that the �rst equations of
state simply tells us that E = 3

2 NkB T. The second is the well known ideal gas equation of state
pV = NkB T. But, properly speaking, the equation of state pV = NkB T, alone, is insu�cient to
reconstruct the whole fundamental equationS(E; V; N ): you need the equation forT to be able to
reconstruct S.

Exercise 2.4. Assume that you are given a fundamental equation of the form:

SvdW (E; V; N ) = NkB log
h
A(v � b)

�
" +

a
v

� ci
(2.55)

where, as usual,v = V=N and " = E=N . Here b and a are constants with appropriate dimensions
(the van der Waals constants that we will meet later on, experimentally available for many gases),
while c = 3=2, or 5=2 or anything you want. A is a constant with dimensions[Length]� 3[Energy]� c.
Derive the two equations of state forT and p, and observe that they lead to the famous van der Waals
isoterms:

p =
kB T
v � b

�
a
v2 : (2.56)

In a completely identical way, you can deduce the equations of state for the intensive parameters, in
the energy scheme, fromE(S; V; N): obviously, the resulting T, p, � will now be functions of S; V; N.
In full generality, if E (S;X) is the energy function expressed in terms of the extensive variables, where
X = ( X 1 � � � X r ), then you know that:

8
>><

>>:

T(S;X) =
@E
@S

f i (S;X) =
@E
@Xi

: (2.57)

These r + 1 equations, expressingT and the generalized forcesf i � all of them being intensive
quantities � as a function of the extensive variables are known as equations of state. We will show
later on that only r intensive variables are capable of independent variation, as there is a relationship
between the r + 1 derivatives of E , known as Gibbs-Duhem relation. See Sec. 2.7.3 on the Gibbs
potential for more details.
31 For the ideal gas, for instance:

� =
5

2
kB T � kB T log

ekB T

p

�
2�m ekB T

h2

� 3
2

:
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2.5. Concavity of S and thermodynamic stability

We have stressed thatS is a concave function of its extensive parameters, whileE is convex.
This, essentially, encodes the 2nd law in a mathematical framework. Let us see the consequence of
concavity in the context of thermodynamic stability. Suppose you had two identical systems described
by S(E; V; N ), isolated from each other and the external world by adiabatic walls. The total entropy
of the composite system is2S(E; V; N ). Imagine now that the wall separating the two systems is made
thermally conducting, and that you propose an exchange of energy (heat) between them, such that
system 1 gets E1 = E � � E , while system 2 has E2 = E + � E . The total entropy for this (virtual)
con�guration is S(E � � E; V; N ) + S(E + � E; V; N ). Suppose thatS(E; V; N ) was monotonic in E
but not concave, like the example shown in Fig. 2.7(left). Then you immediately deduce that:

2S(E; V; N ) < S (E � � E; V; N ) + S(E + � E; V; N ) ; (2.58)

which would imply that the system would spontaneously try to maximise its total entropy by making
the energy di�erent between the two systems: the initial equilibrium con�guration with equal energies
(and temperatures) would then beunstable. Stability would on the contrary require:

2S(E; V; N ) � S(E � � E; V; N ) + S(E + � E; V; N ) ; (2.59)

By taking the limit � E ! 0 you realize that stability requires, locally, @2 S
@E2 � 0. Similarly, you

can write a condition for stability against redistributions of volumes (assuming you make the wall
separating the two systems mobile), which locally implies@2 S

@V2 � 0. Similarly, for any other extensive

variable X you would require @2 S
@X2 � 0. But these local conditions are not enough to guarantee

concavity and stability. For instance, if you observe Fig. 2.7(right), you will see that there are regions
� like BC and EF � where @2 S

@X2 � 0: nevertheless, the system is unstable there. Indeed, if the
initial value of X is exactly in the middle of the BF region, X in = 1

2 (X (B ) + X (F )) , then the
entropy would increase by a redistribution of � X = 1

2 (X (F ) � X (B )) , leading to a �nal entropy
S(X (B )) + S(X (F )) > 2S(X in ). The only way in which the given S(E; X) can be madestable is
by constructing the concave envelope of its tangents, as shown in Fig. 2.7(right) by the straight line
segmentBHF .

Figure 2.7.: (Left) A non concave but monotonic S(E; V; N ) versus E . Notice that S(E; V; N ) < 1
2 (S(E �

� E; V; N ) + S(E + � E; V; N )) because the curve is above its tangent in the point E . Instability follows.
(Right) A general non-concave S(E; X) versus one of its extensive variablesX . Notice that the system is
unstable even in regions in which the second derivative is negative, like BC and EF . Figures taken from
Callen's book [3]. Notation: U, in Callen's book, denotes the internal energy E .

As anticipated before, having negative second derivatives is not enough to guarantee concavity.
What you would need is a negative semi-de�niteHessian. In the simple case of a homogenous �uid
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with S(E; V; N ), denoting X = ( E; V; N ) and � X = (� E; � V;� N ), you see that:

� S = S(X +� X )+ S(X � � X )� 2S(X ) = (� E; � V;� N )

0

B
@

@2 S
@E2

@2 S
@E@V

@2 S
@E@N

@2 S
@V @E

@2 S
@V2

@2 S
@V @N

@2 S
@N@E

@2 S
@N@V

@2 S
@N2

1

C
A

0

@
� E
� V
� N

1

A

| {z }
P

ij HS
ij � X i � X j � 0 for stability

+ � � �

The condition for a negative semi-de�nite HessianHS , which is a real symmetric matrix because the
mixed second derivatives are identical upon exchange of variables � a condition that will lead to the
so-calledMaxwell relations between di�erent apparently unrelated derivatives of intensive variables
�, is that all the eigenvalues � i of the Hessian are non-positive� i � 0. Clearly, the extensivity of the
entropy function demands exact linearity if you move along the direction X : S(� X ) = �S (X ). This
leads to the conclusion that one of the eigenvalues must vanish: more precisely the one associated
with the eigenvector (E; V; N )T (or X in the general case). If you restrict the� X to variations of E
and V at �xed N � i.e., take � N � 0 � you can reduce your Hessian to the 2 � 2 sub-matrix

HS =

 
@2 S
@E2

@2 S
@E@V

@2 S
@V @E

@2 S
@V2

!

which must be negative semi-de�nite, implying: 32

8
>><

>>:

@2 S
@E2 � 0
@2 S
@V2 � 0
@2 S
@E2

@2 S
@V2 �

�
@2 S

@E@V

� 2
� 0

: (2.60)

The �rst two conditions are quite clear. The third condition comes from the fact that the determinant
of a matrix with two negative eigenvalues must be positive!

The physics behind these stability conditions is easier to extract by working in the energy scheme,
where the fundamental equationE(S; V; N) must now be convex for stability, otherwise, you would
violate the minimum energy principle. Identical arguments, including that on extensivity, lead then
to the conclusion that the reduced2 � 2 Hessian of the energy function

HE =

 
@2 E
@S2

@2 E
@S@V

@2 E
@V @S

@2 E
@V2

!

must be positive semi-de�nite, implying:
8
>>><

>>>:

@2 E
@S2 =

�
@T
@S

�
V = T

Cv
� 0

@2 E
@V2 = �

�
@p
@V

�

S
= 1

V � S
� 0

@2 E
@S2

@2 E
@V2 �

�
@2 E

@S@V

� 2
= T

V � S Cv
�

�
@T
@V

� 2

S = T
V � S Cv

�
�

1
V � S

� 2
� 0

: (2.61)

A physical interpretation now urges. We have already indicated the main physical quantities involved
in these stability conditions. Let us start from the top, which expresses the fact that the temperature
is a monotonically increasing function ofS at constant V . Although everything would be more clear by
working with a thermodynamic potential in which T is the relevant variable (the Helmholtz free-energy
F , see below), it is quite clear that

T
�

@S
@T

�

V

def= Cv � 0 ; (2.62)

32 See Arovas, Eqs.(2.259)-(2.263) for an explicit proof in this 2 � 2 case. More generally, you realize that a quadratic
form that is negative (semi)-de�nite must have necessarily non-positive elements in the diagonal. There is a simple
reason for that: do you see why? Next, the determinant is a product of the eigenvalues. Here I have two negative
eigenvalues, hence the determinant must be positive.
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must be the speci�c heat at constant volume, becauseTdS = d� Q is the heat necessary to lead to an
increase ofT by dT at constant V . The second stability condition has to do with the fact that the
pressurep is a monotonically decreasingfunction of V at constant S, which requires the isoentropic
compressibility to be non-negative:

�
1
V

�
@V
@p

�

S

def= � S � 0 ; (2.63)

The third condition guarantees that a concerted variation of E and V does not lead to a reduction
of the total energy at constant S. 33 As previously mentioned, the equality of the mixed derivatives
tells us that:

@2E
@S@V

=
@2E

@V @S
=) �

�
@p
@S

�

V
=

�
@T
@V

�

S
; (2.64)

one of the many Maxwell relations that you can write from the equality of the mixed second derivative
of any state function. 34 We have used this fact in writing the third inequality, which you can see
involves also theiso-entropic thermal expansivity

1
V

�
@V
@T

�

S

def= � S : (2.65)

Notice that this is certainly not the most common thermal expansivity you encounter in an experiment.
Much more accessible, experimentally, would be theconstant pressure thermal expansivity

1
V

�
@V
@T

�

p

def= � p : (2.66)

Exercise 2.5. Calculate � S , � S , and � p for a monoatomic ideal gas, using the fact that isoentropic
transformations have V T

3
2 = const and that the equation of state pV = NkB T is satis�ed. The

calculation of Cv = 3
2 NkB is easier by working with the free-energyF (T; V; N), but you can easily

perform it by expressing the entropy S of the ideal gas in terms of the temperatureT. Observe that
� S is negative, but this is not a problem. Verify that all the stability conditions are satis�ed.

2.6. The Legendre transform

I will present here the Legendre transform, that you have likely seen in Hamiltonian mechanics,
through two di�erent points of view: one related to mechanical equilibrium in presence of an external
force, the second related to line geometry.

Suppose you have a classical particle in a potentialU(x) . We assume thatU(x) is (strictly) convex,
i.e., it stays always above its tangent and has no straight-line pieces, as sketched in Fig. 2.8.35

33 It is simple to show that an Hessian of the type:
�

1 2
2 1

�

is associated to a quadratic form which is not positive de�nite.
34 One should not underestimate the fact that this equality while being mathematically trivial, is experimentally highly

non-trivial: if you didn't know that there must be a state function E (S; V; N ) governing the thermodynamics of your
system, you would be highly surprised by measuring the equality of two apparently unrelated quantities. Since we
are working with extensive variables, this Maxwell relation is not that easy to measure experimentally. It will be
much easier to interpret similar relations when we will switch to thermodynamic potentials which involve intensive
variables, like the Gibbs potential G(T; p; N ).

35 In the �gure U(x) has a minimum at some point x0 but this is not necessary. All you need is that U00(x) > 0. In higher
dimension, you would need to require that the Hessian is positive de�nite. More precisely, what we have required
is often called a strictly convex function. Notice that strictly convex functions, like x4 can have a vanishing second
derivative somewhere: so, the condition on a positive de�nite Hessian is only su�cient to have strict convexity.
Simple convexity might allow U00(x) � 0, or a positive semi-de�nite Hessian in the multi-dimensional case. We will
write our equations in such a way that they apply to the multi-dimensional case.
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Figure 2.8: Geometrical
construction behind the
Legendre transform of
U(x) , for the problem of
mechanical equilibrium
in the potential U(x)
in presence of an extra
force f . The meaning of
the various quantities is
explained in the text.

New potential: Consider now the equilibrium problem for a particle in that potential under the action
of an extra constant forcef . The new potential in presence off has an extra term � f � x:

�(x ; f) = U(x) � f � x : (2.67)

New equilibrium: The new equilibrium point x(f) is obtained by imposing

@x �(x ; f) jx(f) = 0 = ) @x Ujx(f) = f :

The condition @x U(x) = f univocally 36 de�nes an equilibrium point x(f) because the derivative
@x U(x) is monotonically increasing, sinceU(x) is convex. Thegeometrical interpretation is
the following: Because the derivative@x U(x) is monotonically increasing, if you try to �approach�
the curve with a straight-line of given slopef you will �touch� it at a uniquely de�ned point x(f) .
37

The tangent: Let us construct the tangent t(x) of U(x) at the new equilibrium point x(f) :

t(x) = U(x(f)) + f � (x � x(f)) = G(f) + f � x ;

where we de�nedG(f) to be the intercept with the y-axis of the tangent:

G(f) def= U(x(f)) � f � x(f) � �(x(f) ; f) : (2.68)

The last equality stresses the fact that such a quantity coincides with the value of the new
potential at the equilibrium point, �(x(f) ; f). The G(f) so de�ned is the Legendre transform of
U(x) . See Fig. 2.8 for a graphical representation of all the quantities introduced so far.

The knowledge ofG(f) encodes all the information you need to reconstructU(x) : you know all
the tangents for all possible slopes. In a line-geometry framework, you might reconstruct the
full curve for U(x) from the envelopof the various tangents,38 as illustrated in Fig. 2.9.

36 Equivalently, � @x U(x) + f = 0 , as the total force vanishes. Notice that this might happen even if the potential U(x)
has no minimum in absence of the extra force.

37 Notice that if you allow convexity with the milder requirement U00(x) � 0, there might be straight-line pieces in the
graph of U(x) : when f �matches� the slope of the straight-line pieces, the corresponding x(f) is not uniquely de�ned,
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Figure 2.9: Reconstructing a convex function, here denoted
by L(v) , from the envelop of its tangents. Figure adapted
from Fig. 5.2 on pag. 214 of the book by José & Saletan on
Classical Mechanics.

A variational bound: One important fact concerning the tangent t(x) is that, since U(x) is convex, it
stays alwaysaboveits tangents, in particular that at x(f) . Hence:

U(x) � t(x) = G(f) + f � x =) �(x ; f) = U(x) � f � x � G(f) � �(x(f) ; f) :

We have therefore transformed the equilibrium problem in the presence of an extra forcef into a
variational problem. The new potential �(x ; f), being itself convex, has indeed the nice properties
that: 39

8
<

:

@x �(x ; f) jx(f) = 0 � is stationary at x(f)

�(x ; f) � �(x(f) ; f) � G(f) � is minimum at x(f)
: (2.69)

First derivative of G(f) : If you calculate @f G(f) you easily 40 establish that: 41

@f G(f) = � x(f) : (2.70)

and the Legendre transform shows a discontinuity in the derivative at that f : we will see that this happens at
�rst-order transition points, where you have phase coexistence.

38 Callen gives a nice discussion of the reason why U(x(f)) alone, seen as a function of f , loses information contained in
U(x) . Essentially, if you know U(x(f)) = eU(f) as a function of f , you know the value of the function when the slope
is f but you lost information about the precise point x(f) where this occurs. To retain that information, you have
to know the intercept of the tangent at x(f) for each given f : this will uniquely give you both x(f) and U(x(f)) for
given f .

39 The variational principle can be cast in the form:

G(f) = min x �(x ; f) = min x (U(x) � f � x) :

40 Using the chain rule:
@f G(f) = ( ( ( ( ( ( (

@x U(x(f)) � @f x(f) � � � � �f � @f x(f) � x(f) � � x(f) :

41 You see below the starting point of the inverse Legendre transform, with a conspicuos minus sign � recall that in the di-
rect transformation we had @x U(x) = f � due to our de�nition. A mathematician would write G(f) = f x(f) � U(x(f))
in such a way that @f G(f) = x(f) , and this is, by the way, what you usually do in Hamiltonian mechanics as well,
when you switch from the Lagrangean to the Hamiltonian, hence the change of sign in the potential energy that
you get there. Stiking to our thermodynamics de�nition of Legendre-transform, you can equivalently regard our
relationships as

U(x) = G(f(x)) + xf(x) ;

which shows that U(x) is the inverse Legendre transform of G.
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Hence, the derivative of the Legendre transformG(f) immediately gives you the equilibrium point
x(f) . You should appreciate that the whole process of solving the implicit equation@x U(x) = f
to get x(f) was indeed instrumental to construct G(f) , but if someone gives youG(f) , then you
�nd the equilibrium point x(f) by just taking a derivative.

Concavity of G(f) : Take now a further derivative of @f G(f) :

@2
� G(f) = @f (@f G(f)) = � @f x(f) :

On the other hand, by taking the derivative of @x U(x(f)) = f with respect to f , it is simple to
deduce that:

f = @x U(x(f)) = ) 1 = @f @x U(x(f)) = @f x(f) � @2
xx U(x(f)) = � @2

� G(f) � @2
xx U(x(f)) :

Therefore, we conclude that:

@2
� G(f) = � [@2

xx U]� 1jx(f) : (2.71)

Hence,G(f) is concaveif U(x) is convex, and viceversa.

Exercise 2.6. If you want to practice a bit, try to apply the previous construction to U(x) = a e� x ,
and to U(x) = ax 4. The peculiar behaviour of the derivative of the Legendre transform when the
function has straight line pieces is appreciated if you study the following case:U(x) = a(x � 1)2 for
x > 1, U(x) = 0 in x 2 [� 1; 1] and U(x) = a(x + 1) 2 for x < � 1.

The previous equations might be carried over, with essentially no modi�cation, to the multi-
dimensional case wherex 2 Rn : this is the reason why we wrotef � x in a kind of �scalar product� form.
What we still miss to do thermodynamics is what happens when you Legendre-transform a function
U(x; y) with respect to someof its arguments (x), leaving the other arguments (y) untouched. The
modi�cations are simple, but we need to mention a few things about convexity which will turn out to
be important in the study of thermodynamics.

So, let us consider a convex functionU(x; y) of its n + m arguments and repeat the previous
steps by Legendre-transforming only then-dimensional variable x. See App. B for a few useful info
about convexity. We now explicitly switch to a multi-dimensional notation. So, for every y we de�ne
a modi�ed potential �( x ; f; y) = U( x; y) � f � x , where f is n-dimensional, which has the properties
that:

8
<

:

@x �( x ; f; y)jx ( f ;y ) = 0 � stationary at x(f; y)

�( x ; f; y) � U(x(f; y); y) � f � x(f; y) � G(f; y) � minimum at x(f; y)
: (2.72)

As before,x(f; y) is the solution of implicit equation

@x U(x; y)jx ( f ;y ) = f ; (2.73)

and it is quite simple to show that:
@f G(f; y) = � x(f; y) : (2.74)

The derivative with respect to the untransformed variables y are identical to those of U, as you can
immediately verify: 42

@y G(f; y) = @y U(x; y)jx ( f ;y ) : (2.75)

42 Indeed:
@y G( f; y ) =

( ( ( ( ( ( ( ( ( (
@x U( x (f ; y ); y ) � @y x (f ; y ) � ( ( ( ((f � @y x (f ; y ) + @y U( x (f ; y ); y )

55



Thermodynamics (Lecture Notes by G.E. Santoro)

What is more boring, but useful for thermodynamics, is to derive the convexity properties ofG(f; y).
To do that, let us start from @x U(x(f; y); y) = f, which we write in components as:

fa = @xa U(x(f; y); y) ;

and take a derivative with respect to fb. Using the chain rule we get:

� ab = @fb fa = @fb xc(f; y) @2
xc xa

U(x(f; y); y) = � @2
fb fc

G(f; y) @2
xc xa

U(x(f; y); y) :

So, if you de�ne the partial n � n Hessian ofU to be:

[HU (f; y)]ab
def= @2

xa xb
U(x(f; y); y) =) [HG (f; y)]ab

def= @2
fa fb

G(f; y) = � [[HU (f; y)] � 1]ab : (2.76)

If U is convex, then its restriction to the variables x is convex, hence the partial Hessian[HU ]ab is
positive de�nite. 43 Hence you conclude thatG(f; y) is f-concave ifU is convex.

The proof that G(f; y) is y-convex, as the originalU(x; y) it came from, is a bit more complex (in
particular in the multidimensional case, see [1]). Give it a try.

2.7. The thermodynamic potentials

We would like to move from the fundamental equation written in the energy scheme,E(S;X) or
E(S; V; N) for a simple system, to a new potential that uses some of the intensive variables which
come from the derivatives ofE . In this section, we will keep N �xed and Legendre-transform only S
and/or V . Later on, when considering the grand-canonical ensemble, in which some calculations are
extremely easy and convenient, we will Legendre-transformE with respect to S and N .

2.7.1. The Helmholtz free-energy: from S to T

The simplest example of Legendre transform ofE is one in which, in the notation of the previous
section U(x; y) = E(S;X) where x = S and y = X = ( V; N) (in the simplest case). Hence, the
correspondingf would be the temperature:

@U
@x

= f = )
@E
@S

= T :

By inverting T(S;X) you can re-expressS(T; X) � the new equilibrium point x(f) for given slope
f = T � and the correct potential that keeps all the information we had in E(S;X) is the so-called
Helmholtz free-energy: 44

F (T; X) = E(S(T; X); X) � TS(T; X) : (2.77)

The corresponding derivatives are 8
>>><

>>>:

@F
@T

= � S(T; X)

@F
@X

=
@E
@X

; (2.78)

where all quantities should be regarded as functions of(T; X). So, for the simpleE(S; V; N) we get:

dF = � S(T; V; N) dT � p(T; V; N) dV + � (T; V; N) dN :

43 Alternatively, [HU ]ab being the partial Hessian of a bigger positive de�nite Hessian must be itself positive de�nite:
just evaluate it on vectors which are restricted to the variables of interest and you get your result.

44 Callen would write this as E [T ] � really U[T ] since U is the internal energy in Callen � meaning that we Legendre-
transform the variable S in E into its intensive generalised force T . Notice also that, in the literature, the Helmholtz
free-energy is sometimes denoted by A, from the German Arbeit (Work).
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A bit of physical understanding is in order. Suppose you have an empty box of volumeV , completely
isolated from the surrounding world, except for thermal contact with a reservoir kept at temperature
T. I ask: how much work should I do to assemble a system ofN interacting particles inside that box,
while heat can be exchanged with the reservoir? In the beginning, I have no particles, hence I start
from E = 0 and S = 0 . In the end, the total energy is E(T; V; N). The 1st law tells me that

E(T; V; N) = Q + W ;

where Q is the heat exchanged with the reservoir, andW is the work I have done to assemble the
system. 45 But we can imagine that the construction is very slow, and the heat exchange is reversible
so that you can write that:

Q = T� S = TS(T; V; N) ;

where I have used that also the initial entropy was0.

Free-energy as a work investment. Hence the work doneon the system to build it is:

W = E(T; V; N) � TS(T; V; N) � F (T; V; N) : (2.79)

You see from this argument that F is like an �investment� of work done to build the system:
notice that this work is less than the total energy E because the building of the system was
helped by somepositive heatQ entering the system from the reservoir.

i

If F is seen as a �bank account� of work, when you make a �withdrawal of work�, the balance of
the account should decrease and vice-versa. This is precisely what happens, at least for reversible
transformations at constant T. Recall that from the 1st principle

� E = Q + W ;

expressing conservation of energyindependentlyof the nature of the transformation, reversible or not.
If the transformation is reversible and occurring at �xed temperature T, then Qrev

T = T� S. Hence,
from the 1st law you conclude that:

� F = � E � T� S = W rev
T :

If some positive work is done on the system,W rev
T > 0, then F increases by the same amount and

vice-versa. If the transformation starts and ends at the same �xedT but is otherwise irreversible,
then QT � T � S, by Clausius inequality. From that, you can easily derive that in general:

� F = � E � T� S � WT : (2.80)

A famous example of irreversible process is Joule's free expansion of a rare�ed (ideal) gas in
vacuum, by removal of a wall separating the gas from an empty container. a The system
is completely isolated, hence� Q = 0 . We do no work, hence� W = 0 . Nevertheless, the
entropy increases� S > 0 and the free-energy decreases� F < 0. Since � F < 0 the system has
e�ectively diminished its �potential� to do useful work. Incidentally, while the total energy must
be conserved, because of the 1st law, the fact that the temperature does not change is due to the
ideal nature of the gas, and to the temperature equation of stateE = 3

2 NkB T.

a The process occurs at �xed temperature T , for an ideal gas.

Example Joules' free expansion.

45 Notice the positive sign in front of W because it is the work done on the system.
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Exercise 2.7. After inverting the ideal gas entropy S(E; V; N ) to expressE(S; V; N), calculate the
ideal gas free-energyF (T; V; N). Observe that F is T-concave while being convex in the other two
variables. Calculate the work done during a reversible isothermal expansion at temperatureT by
using F (T; V; N). Con�rm that you obtain the same result by using the standard integration of pdV
together with the ideal gas equation of statepV = NkB T.

Returning to the fundamental principle, one can show that the maximum entropy/minimum energy
principle leads to a minimum free-energy principle. More precisely, fromE(S;X) for a composite
system, for which you know that E(S;Xeq) is minimum, you can Legendre transform the energy
obtaining F (T; X) = E(S(T; X); X) � TS(T; X). Let F (T; Xeq) be the free-energy in equilibrium. You
can show that:

Principle of minimum Helmholtz free-energy. For a composite system made by di�erent
subsystems kept at�xed temperature T, the �nal equilibrium state after some of these constraints
are released is the one that minimizes the total Helmholtz free-energy as a function of the free-
variables (virtual states).

i

X

S

Xeq X

S(T; X)

S(T; Xeq)

E (S(T; X); X)

E(S(T; Xeq); Xeq)
E (S(T; Xeq); X)

� T � S

� 0

Figure 2.10: The S � X �plane�
with a few �energy points� used
in the proof of the minimum free-
energy principle. See text for de-
tails.

A proof of this principle proceeds as follows. We want to show that

� F = F (T; X) � F (T; Xeq ) � 0 :

Writing the terms explicitly, and adding and subtracting a term E (S(T; Xeq ); X), see Fig. 2.10 for a schematic
representation of the S; X domain, we indeed get:

� F = [ E (S(T; X); X) � E (S(T; Xeq ); X)]
| {z }

� T � S by convexity of E

� T [S(T; X) � S(T; Xeq )]
| {z }

=� S

+ [ E (S(T; Xeq ); X) � E (S(T; Xeq ); Xeq )]
| {z }

� 0 by minimum E principle

� 0 : (2.81)

Notice that we have essentially used only the minimum energy principle (in the last term, where the total

entropy is the same), and the convexity of E (in the �rst term). Similar proofs can be written down for all the

minimum potential principles that you can write for the various Legendre transforms of the energy E (S; X).

Info: We stress that the Helmholtz free-energy is very important in statistical mechanics because
it is directly calculated in the canonical ensemble.

i

58



(Lecture Notes by G.E. Santoro) 2.7 The thermodynamic potentials

2.7.2. The Enthalpy: from V to p

Suppose that E(S; V;X), where here and in the followingX = X 2 � � � X r denotes the collection of
the other extensive variables. Take nowx = V and y = ( S;X). Hence, the correspondingf would be
(� p):

@U
@x

= f = )
@E
@V

= � p :

By inverting p(S; V;X) you can re-expressV (S; p;X) and the correct potential that keeps all the
information we had in E(S; V;X) is the so-called Enthalpy:

H (S; p;X) = E(S; V(S; p;X); X) + pV(S; p;X) : (2.82)

The relevant derivatives are 8
>>>>>>>>><

>>>>>>>>>:

@H
@S

=
@E
@S

= T

@H
@p

= V(S; p;X)

@H
@X

=
@E
@X

; (2.83)

where all quantities should be regarded as functions of(S; p;X). So, for the simpleE(S; V; N) we get:

dH = T(S; p; N) dS + V(S; p; N) dp + � (S; p; N) dN :

As before, one can prove aminimum enthalpy principle for transformation occurring at constant S
and p. Moreover, one can show that the enthalpy is the �potential for Heat�, asF was the �potential
for Work�. H is loved by chemists because chemical reactions involve the release/absorption of heat
that can be measured by calorimetric techniques. We will have not much to deal with it.

2.7.3. The Gibbs potential: from (S; V) to (T; p)

Suppose that we want to Legendre-transformE(S; V;X) with respect to both S and V . Hence
x = ( S; V) and y = (X ). The correspondingf would be (T; � p), and the derivatives are exactly as
seen before. We now invert to obtainS(T; p;X) and V(T; p;X), and write the Gibbs potential:

G(T; p;X) = E(S(T; p;X); V (T; p;X); X) � TS(T; p;X) + pV(T; p;X) : (2.84)

The relevant derivatives are 8
>>>>>>>>><

>>>>>>>>>:

@G
@T

= � S(T; p;X)

@G
@p

= V(T; p;X)

@G
@X

=
@E
@X

; (2.85)

where all quantities should be regarded as functions of(T; p;X). So, for the simpleE(S; V; N) we get:

dG = � S(T; p; N) dT + V(T; p; N) dp + � (T; p) dN :

Notice that we have written � (T; p) because� , being intensive (i.e., a homogenous function of degree
0 in Euler's terminology) cannot depend on N . Indeed, extensivity implies that for a simple system
described by(S; V; N) we have the Euler relation, see Eq. (2.44):

E = T S � p V + � N ; (2.86)
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which indeed holds for whatever variables you decide to work with! So, in the(T; p; N) scheme
appropriate to G we have that:

G(T; p; N) � E � T S + p V � � (T; p) N : (2.87)

Hence,G is exactly linear in N , and the Gibbs potential �per particle� is precisely � (T; p). Extensivity
suggests that we could use the volume and entropy per particle as well:46

s(T; p) =
S(T; p; N)

N
v(T; p) =

V (T; p; N)
N

: (2.88)

It is easy to show, from the form of dG, that we can write the di�erential of � as follows:

d� =
�

@�
@T

�
dT +

�
@�
@p

�
dp = � s(T; p) dT + v(T; p) dp : (2.89)

This is a particular case of the so-calledGibbs-Duhemrelation, which relates the di�erential of the
intensive variables among each other. Physically, it tells that only two of them are independent: if
you �x T and p, then � is a function of (T; p).

More generally, the extensivity of E (S;X) implies the Euler relationship

E(S;X) = T S +
rX

i =1

f i X i = f(X ) � X ; (2.90)

where we have extended our notation settingf = ( f 0 = T; f 1; � � � ; f r ) and X = ( X 0 = S; X1; � � � ; X r ).
Notice that:

@E
@X

= f :

Hence, the Legendre transform ofE(X ) with respect to all the extensive variablesmust vanish:

�( f) = E(X (f)) � f � X (f) = 0 :

The vanishing of this function of the intensive variables implies a relationship among them. Since
� = 0 implies that d� = 0 , but on the other hand

d� =
@�
@f

� df = � X (f) � df ;

then we conclude that the following generalGibbs-Duhem relationmust hold:

X (f) � df = 0 : (2.91)

Written for a simple system this reads:

SdT � Vdp + N d� = 0 = ) d� = � s(T; p) dT + v(T; p) dp ;

as indeed found previously.

Quite generally, one de�nes the number ofthermodynamical degrees of freedomto be the number of
intensive variables capable of independent variation. If we have r + 1 extensive variables, the number
of thermodynamical degrees of freedom isr . For a simple system,r = 2 .

46 Note that while S(E; V; N ) is in general not linear in N , we have that S(T; p; N ) must be exactly linear in N .
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2.8. Stability conditions from the Gibbs potential

Let us return to a simple system described, in the Gibbs potential framework, byG(T; p; N) =
� (T; p)N . If we write the 2 � 2 Hessian ofG with respect to (T; p), or equivalently, by dividing by N ,
that of � we get:

[d2� ] =

"
@2 �
@T2

@2 �
@T @p

@2 �
@p@T

@2 �
@p2

#

: (2.92)

Stability requires this Hessian to be negative (semi)-de�nite. But physically:

@2�
@T2

= �
@s
@T

= �
cp

T
� 0 ;

where we de�ned thespeci�c heat at constant pressure:

Cp(T; p; N) = T
�

@S
@T

�

p
= Ncp(T; p) : (2.93)

So, local stability with respect to T (redistributions of energy) requires cp � 0. Similarly:

@2�
@p2

=
@v
@p

= � v� T � 0 ;

where we de�ned the isothermal compressibility:

� T (T; p) = �
1
V

�
@V
@p

�

T
= �

1
v

�
@v
@p

�

T
: (2.94)

So, local stability with respect to p (redistributions of volume) requires � T � 0. But stability requires
also that det[d2� ] � 0 (the product of two non-positive eigenvalues is non-negative). Looking at the
o�-diagonal elements we �rst observe that the equality of the mixed derivatives implies the following
Maxwell relation:

@2�
@p@T

=
@2�

@T@p
=)

�
@s
@p

�

T
=

�
@v
@T

�

p
� v� p ; (2.95)

where we have introduced thevolume expansivity at constantp, also known ascoe�cient of thermal
expansion:

� p =
1
V

�
@V
@T

�

p
=

1
v

�
@v
@T

�

p
: (2.96)

Notice the non-trivial experimental fact implied by this trivial mathematical consequence of the exis-
tence of a state function � (T; p). Notice also that, while � p is often positive, it can also benegative,
like for water close to freezing (remember your last beer forgotten in the ice compartment?) Stability
requires only that:

cp� T � Tv� 2
p ; (2.97)

and, as you notice, only� 2
p enters: the sign of� p is not important.

Exercise 2.8. Calculate the Gibbs potential G(T; p; N) for the monoatomic ideal gas. Calculate then
the speci�c heat cp, the isothermal compressibility � T and the coe�cient of thermal expansion � p.
Verify the stability conditions.

2.9. Reconstructing S, V and � from thermodynamic
integration

An large body of information is available on the behaviour of cp(T; p) and � T (T; p) for many
substances at variousT and p. What can we do with those measurements? We can reconstruct
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s(T; p), v(T; p) and � (T; p). To see this, observe that that the de�nition of cp(T; p) implies that:

s(T; p) � s(T0; p) =
Z T

T0

dT0 cp(T0; p)
T0 :

Using the 3rd law, S(0; p) = 0 , we could even calculate the absolute entropy of our system as:

s(T; p) =
Z T

0
dT0 cp(T0; p)

T0 : (2.98)

A similar strategy allows to reconstruct S(T; V; N) from data for the speci�c heat at constant volume
Cv (T; V; N).

Concerning v(T; p) the situation is also quite simple. If you have measured� T (T; p), then

log
v(T; p)
v(T; p0)

= �
Z p

p0

dp0 � T (T; p0) ;

or, more explicitly:
v(T; p) = v(T; p0) e�

Rp
p 0

dp0� T (T;p 0) : (2.99)

Once you haves(T; p) and v(T; p), the integration of the Gibbs-Duhem form in Eq. (2.89) gives
directly the desired � (T; p). For instance, you can select an integration path (any path is equivalent,
since we are dealing with an exact di�erential form) made by two straight lines connecting the intial
point (T0; p0) to the desired �nal point (T; p), one at constant p0 with increasing T (
 T ) and the
second at constantT with increasing p0 (
 p).

T

p

T0 T

p

p0

@�
@T = � s

@�
@p = v


 T


 p

Figure 2.11: The p� T plane with the paths used
to reconstruct the chemical potential. See text for
details.

The result is:

� (T; p) � � (T0; p0) =
Z


 T + 
 p

d� = �
Z T

T0

dT0 s(T0; p0) +
Z p

p0

dp0 v(T; p0) : (2.100)

Notice that unlike entropy � for which the 3rd law �xes an absolute reference value at T = 0 �, � ,
like any other �energy-related� quantity, is given only with respect to some arbitrary reference point:
only di�erences are meaningful.

2.10. The meaning of imposing convexity: the example of
latent heat.

Suppose that a certain energy fundamental equationE(S; V; N) has the form given in Fig. 2.12
(top/left). You will notice that the curve is convex, as it should, but it has a straight line BC. What is
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it? Observe also the two pieces of dashed curves, which appear as the natural continuation of AB, and
CD. These dashed curves have been eliminated by the construction of an envelope of tangents, leading
to the straight line BC. Physically, the tangent to E is the temperature T: hence that straight line
means that there is a�xed temperature T � that the system shows, while the entropy increase by some
amount � S. This is a signal of a 1st order transition occurring at T � : indeed, a familiar experience
from the boiling of a pot of water. The system increases its energy by a certain amount, the latent
heat � Q = T � � S, while the temperature does not change at all, hence the use of the word �latent�, as
you well know. The temperature T(S) is plot right below the E(S) curve. You see that the two dashed
lines would represent a �metastable (overheated) liquid� (close to B) and a �metastable (overcooled)
vapour� (close to C). These metastable states might be obtained under some conditions; generally,
it takes even the slightest perturbation to reveal their intrinsic instability, eventually leading to the
stable state represented by the straight line BC. Physically, the line BC is amixture (coexistence) of
the two phases in B and C, represented by a convex combination:

X = � X C + (1 � � )X B ;

with � 2 [0; 1]. The straight-line BC means that

E(X ) = E(� X C + (1 � � )X B ) = �E (X C ) + (1 � � )E (X B ) ;

i.e., in words, the energy of the mixture is the convex combination of the energies of the pure states.

So far, we have discussed the two left plots, which refer to the energy scheme. Whenever such
situations occur, a better description is obtained by switching to a scheme in which the intensive
variable T becomes the control variable, e.g., the Gibbs potentialG(T; p; N). 47 In the right plots,
you see that, if S is considered not a variable, but rather a function ofT, then it has a jump at the
transition: this jump is re�ected in a slope discontinuity of G(T) at T � .

The same phenomenology would occur if you plot, for instance,F (T; V; N) for this system: you
would see a straight-line piece which signals that the pressurep does not change asV increases,
and again a slope discontinuity would be observed inG(T; p). So, straight-line pieces signalphase
coexistence(e.g., a liquid coexisting with a vapour) and the correct variables to use in such cases are
the intensive variablesT, p, while the extensive variables (S and V) show jumps.

A very nice problem regarding these aspects, and making sense of the Maxwell construction in the
pV isotherms of a van der Waals �uid is suggested in the �nal problems.

47 The Helmholtz free-energy F (T; V; N ) would be equally good for the purpose, but you will see that at the transition
also the volume of the two phases is discontinuous, and the pressure p is the other natural intensive control variable.
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Figure 2.12.: A system showing a 1st order phase transition at a temperature T � , with associated latent
heat.

64



3. Statistical mechanics ensembles

The goal of the present chapter is to give a �avour of how a statistical description can be given for
the measurement of physical observables, which bypasses the extremely complex dynamical problem
posed by the classical (Newton or Hamilton) or quantum (Schrödinger) dynamics of a system with
many degrees of freedom.

We will see that two important aspects of this journey towards a statistical description of observables
touch upon the concepts of ergodicity [7�10] and mixing [8,9], which have been quite well studied in
the classical world, much less in the quantum case. The �rst, ergodicity, is a fundamental hypothesis
introduced by Boltzmann and Maxwell while laying the foundations of classical statistical mechanics;
remarkably, is still a widely studied problem in the mathematical and physics community. The concept
of mixing concerns the way a classical out-of-equilibrium state reaches thermal equilibrium and is
deeply connected to irreversibility, probably one of the most intriguing concepts of thermodynamics.

Figure 3.1.: The stadium mixing. Figures due to Simone Ziraldo.

In some way, the billiard animations shown in the introductory lectures, of which we reproduce
here two snapshots, should give a �avour of the idea behind the statistical description of a many-
body dynamical system, at least in the classical case. Another possible clue to the micro-canonical
description of a system emerges from our analysis of Shannon's entropy, and might be phrased by
saying that �events that are exponentially more probable will typically occur�. Finally, the guided
problem presented in App. C should make you appreciate how a micro-canonical description emerges
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from the time-reversal invariant dynamics described, after a phase-space coarse-graining, by a classical
master equation.

3.1. The ergodic problem and the classical micro-canonical
ensemble

The �rst goal of our discussion is to justify the big conceptual steps in going frommechanics(clas-
sical or quantum) � where we have the deterministic equation of motion of a large number N of
particles �, to a statistical description of the relevant measurement of somephysical observable. We
will give here some heuristic arguments in favour of thefundamental postulatelinking the thermody-
namic entropy to the phase space volume. The arguments are much developed in the classical case
� classical chaos in dynamical systems is a very mature �eld �, less so in the quantum case, but
have enjoyed a certain popularity in the last 30 years, when physicists became again interested in the
foundations of quantum statistical mechanics.

3.1.1. Hamilton and Liouville

We begin with a brief recap of classical Hamiltonian dynamics, which has no pretence of rigour or
completeness: we refer the reader to the book by Arnold, or Ref. [11], for details and rigour. The
classical dynamics description of a system ofN particles is based on Hamilton's equations:

8
<

:

_q = + @H
@p (q(t); p(t))

_p = � @H
@q (q(t); p(t))

=) _x = V (x(t)) ; (3.1)

where q = ( q1; � � � ; qN ) 2 R3N denote positions, p = ( p1; � � � ; pN ) 2 R3N the momenta, and x =
(q; p) 2 R6N a variable which lives in the so-calledphase spaceof the system. HereV (x) is a vector
function in phase space determining thevelocity �eld for the Hamiltonian �ow, which you can directly
read from Hamilton's equations. These equations determine in a unique deterministic way the motion
of all particles once a suitable initial condition q(0) and p(0), hencex(0) = x0, is given. Notice that
the Hamiltonian velocity �eld V (x) has zero divergence:

r x � V =
NX

i =1

�
@

@q i

�
@H
@p i

�
+

@
@p i

�
�

@H
@q i

��
= 0 ; (3.2)

by Schwartz's theorem on the equality of the mixed second derivatives for su�ciently regular functions
H (q; p).

Time averages and phase-space distributions . Consider now asingle trajectory in phase space
x(t), originating from the initial condition x0 = x(t = 0) and the corresponding in�nite-time average
of a given quantity A(x):

A = lim
T !1

1
T

Z T

0
dt A (x(t)) = lim

T !1

1
T

Z T

0
dt

Z
dx A(x) � (x ; t) (3.3)

where � (x ; t) = � (x � x(t)) is a Dirac's delta function centred at the moving particle position x(t),
with � (x ; 0) = � (x � x0). More generally, we can consider anensemble of trajectoriesoriginating
from di�erent initial points x ( j )

0 , each weighted with a weight factor pj 2 [0; 1] such that
P

j pj = 1 ,
and evolving into x ( j ) (t) according to Hamilton's equations. The correspondingdistribution � (x ; t) in
phase space is given by:

� (x ; 0) =
X

j

pj � (x � x ( j )
0 ) =) � (x ; t) =

X

j

pj � (x � x ( j ) (t)) : (3.4)

66



(Lecture Notes by G.E. Santoro) 3.1 The ergodic problem and the classical micro-canonical ensemble

By the usual trick of coarse-graining, we can also adopt a continuous description, where� (x ; 0) is
the distribution density in phase space, and� (x ; t) the corresponding evolution according to the
Hamiltonian �ow. The density distribution � (x ; t) is such that

Z
dx � (x ; t) = 1 8t � 0 : (3.5)

The correspondingensemble averageof the time-averagesA is given by:

�
A

�
ens = lim

T !1

1
T

Z T

0
dt

Z
dx A(x) � (x ; t) = lim

T !1

1
T

Z T

0
dt hAi t ; (3.6)

where the last equality de�nes the ensemble average ofA(x) at time t:

hAi t =
Z

dx A(x)� (x ; t) : (3.7)

Observe now that � (x ; t), like all distribution functions expressing the motion of �conserved objects�,
must obey a continuity equation, where the associatedcurrent is nothing but J(x; t) = � (x ; t)V (x),
in perfect analogy with electromagnetism. The continuity equation will read:

@
@t

� = � r x � J(x ; t) = � r x � (� V ) : (3.8)

By using the fact that V (x) has zero divergence, we can write

r x � (� V ) = ( r x � ) � V + � � � ��r x � V = V � (r x � ) :

There are two equivalent ways of writing out the consequences of such divergence-less nature of the
Hamiltonian �ow. The �rst is to write a di�erential equation obeyed by � (x ; t), which is known as
Liouville equation:

@
@t

� = � V � r x � =
NX

i =1

�
@H
@q i

@�
@p i

�
@H
@p i

@�
@q i

�
def= f H; � gPB (3.9)

where in the last equality we recognise thePoisson bracketsof H and � . 1 The second is that the
total derivative of � (x(t); t) vanishes:

d
dt

� (x(t); t) =
@
@t

� + _x � r x � =
�

@
@t

+ V � r x

�
� = 0 : (3.11)

This in turn means that � (x(t); t) = � (x0; 0), which says that � (x(t); t) is constant along Hamiltonian
trajectories.

Liouville theorem . Consider now a regionR0 � 
( E ) in the phase space available to the system
at �xed total energy E (E is a conserved quantity in Hamiltonian �ow). You can associate to it a
characteristic (or indicator) function IR 0 (x) such that:

IR 0 (x) =
�

1 if x 2 R0

0 if x =2 R0
: (3.12)

1Notice the similarity with the quantum mechanical von Neumann's equation obeyed by the density matrix �̂ . More
precisely, if �̂ (0) = j (0) ih (0) j is the initial density matrix, then �̂ (t ) = j (t )ih (t )j = Û(t ) �̂ (0) Ûy (t ) obeys the von
Neumann equation:

d

dt
�̂ (t ) =

1

i ~
[Ĥ; �̂ ] : (3.10)

In particular, observe that the Liouville equation is linear , and the whole evolution of � (x ; t ) might be also regarded
as a linear problem in phase space.
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You can measure thevolume of R0 by the corresponding integral: 2

vol(R0) =
Z

dx IR 0 (x) : (3.13)

Next, take the classical time-evolution operatorUt (x0) = x(t), with x(0) = x0, which we might also
denote by x(t; x0). You can consider the image underUt of the region R0, de�ned by:

Rt � Ut (R0) = f x j 9 x0 such that x = Ut (x0)g : (3.14)

Let us take as initial distribution

� (x ; 0) =
IR 0 (x)
vol(R0)

=)
Z

dx � (x ; 0) = 1 :

Under evolution, since� (x(t); t) = � (x0; 0), it is easy to realise that:

� (x ; t) =
IR t (x)
vol(R0)

:

But the total integral of � (x ; t) must be 1, hence:

1 =
Z

dx � (x ; t) =

R
dx IR t (x)
vol(R0)

=
vol(Rt )
vol(R0)

=) vol(Rt ) � vol(R0) : (3.15)

The last equality says that the Hamiltonian �ow conserves the phase space volume3 of any region
R0: this is one of the ways of expressing theLiouville theorem of Hamiltonian mechanics. However,
you should refrain from thinking that since vol(Rt ) = vol( R0) the �shape� of Rt is somewhat related,
perhaps weakly deformed, to that ofR0: we will return to this issue again when discussing the Poincaré
recurrence theorem and the concept of �mixing�.

Constants of motion . To proceed, we need to discuss the concept ofconstant of motion. Let us
see what happens, in general, to a quantityA(x) de�ned in phase space under time evolution. It is
immediate to show that once again the Poisson's brackets govern the motion:4

d
dt

A(x(t)) = _x � r x A(x) = V � r x A (x) = f A; H gPB : (3.17)

By de�nition, a conserved quantityor integral of motion of the Hamiltonian �ow is a function I � (x)
de�ned in phase space such that

I � (x(t)) = I � (x0) ; (3.18)

which in turn can be expressed equivalently as:

d
dt

I � (x(t)) = _x � r x I � = V � r x I � = f I � ; H gPB = 0 : (3.19)

I 1(x) = H , the Hamiltonian itself, is always a constant of motion, provided H does not depend
explicitly on t. What other constants of motion would a system have? It depends. In general, the
phase space has dimension2n, where n = 3N is the con�guration space dimension for particles in
three dimensions. A system is said to becompletely integrablein the Liouville sense if a set ofn (hence,
as you see an extensive number) independent integral of motion existsf I 1 = H; I 2; � � � ; I n g such that
f I � ; I � 0gPB = 0 . Without entering in the details of this wonderful construction, which you can �nd

2 In general, a Lebesgue integral, if the region is not very regular.
3 In hydrodynamical terms, you can think of the distribution � (x ; t ) as representing an incompressible �uid moving

under the action of a zero-divergence stationary dissipation-less velocity �ow V (x ).
4Again, notice the analogy with the Heisenberg's equations of quantum mechanics:

d

dt
Â H (t ) =

1

i ~
[Â H (t ); Ĥ ] : (3.16)
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discussed in all details in the book by Arnold, let me exemplify this de�nition with some examples.
For a single particle in one-dimension,n = 1 hencef I 1 = H g is enough to guarantee integrability.
5 The motion of a particle in a central potential is also integrable, as f H; L 2; L zg are integral of
motions. 6 An assembly of harmonic oscillators would also be integrable, as you can easily realise.
What is less trivial is that there are many-body one-dimensional non-linear interacting problems, for
instance, those generically known asCalogero-Moser-Sutherlandmodels, which are integrable. One of
its variants reads:

H =
1
2

NX

j =1

(p2
j + ! 2q2

j ) + g2
NX

j 6= j 0

1
(qj � qj 0)2 : (3.20)

But complete integrability, and even the presence of constants of motions beyond the Hamiltonian
itself, is more the exception than the rule. 7 Generic systems tend to have only the HamiltonianH
as a constant of motion.

Physical observables . Not all functions A(x) de�ned in phase space are physically meaningful,
or in any case, we cannot hope to be able to describe them all by statistical techniques. We need to
distinguish thermodynamically relevant physical observablesas thoseextensivequantities which vary
very little when only a few degrees of freedoms are changed. For a physical observable, we would
expect a behaviour such as the one sketched in Fig. 3.2. Let me give you some elementary examples.
The total kinetic energy of the system:

K =
NX

j =1

p2
j

2m
; (3.22)

certainly quali�es as an observable: it is extensive, and if you change the momenta of a few particles,
the fractional change ofK is of order O(1=N). The same considerations apply to the total one-body
potential and the total interaction potential:

U1� body =
NX

j =1

V1� body (q j ) Uint =
1
2

NX

j 6= j 0

Vint (jq j � q j 0j) : (3.23)

Notice that the previous quantities, while being physical observables, are not constant of motion: only
their sum, the total energy, is a constant of motion. An obvious constant of motion is the total number
of particles N , which you can view as the integral of the local density of particles8

n(r ) =
NX

j =1

� (r � q j ) =) N =
Z

V
dr n(r ) : (3.24)

You can easily write down quantities which arenot observables. For instance:

NY

j =1

� (r 2
0 � j q j j2) (3.25)

5 Indeed, energy conservation allows to de�ne a one-dimensional manifold in the (q; p) two-dimensional phase space over
which the trajectory lives. One can then reduce the problem to integration, as you know very well from elementary
mechanics.

6The conservation of L implies two of the three Kepler laws, but you should notice that f L x ; L y gPB = L z , hence you
can extract only two integral of motions, L 2 and L z , as you probably know from the quantum mechanical solution
to the problem.

7A very famous exception is the Fermi-Pasta-Ulam-Tsingou model:

H =
1

2

NX

j =0

(p2
j + ( qj +1 � qj )2 ) +

�

3

NX

j =0

(qj +1 � qj )3 ; (3.21)

where qj = x j � ja denote the displacement from the equilibrium positions ja of a system of non-linear oscillators
with �xed boundary conditions q0 = qN +1 = 0 . This model gave the birth to a lot of studies in non-linear physics,
chaos, integrability, etc.

8Technically, the density itself, being not an extensive observable, falls outside of the realm of the observables that you
would consider in thermodynamics. However, this quantity has certainly the status of an observable in a statistical
mechanics context.
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is a quantity which is equal to 1 is all particles are contained in a sphere of radiusr 0 around the origin,
but it is enough to have one particle leaving that sphere for the quantity to abruptly jump to 0.

Figure 3.2: A sketch of the be-
haviour in time of a physical observ-
able, for one particular realization
of the dynamics. While the initial
point can change, the �nal steady-
state value, with �uctuations around
a well-de�ned time average, is usually
independent of the initial conditions.
The goal of statistical mechanics is
to provide a theory to calculate those
time averages in terms of a handful of
macroscopic parameters.

3.1.2. Ergodicity and the long-time average of observables

Let us now consider again the issue of the time average ofA(x), but we now assume thatA(x)
is a physical observable. First of all: why do we consider time averages in the �rst place? At
the end of the nineteenth century, Boltzmann argued that the measurement of a physical quantity
necessarily requires a �nite amount of time. Hence, the result of a measurement provides us with
an average over a certain �nite time interval. The measurement time interval is usually much larger
than any characteristic time-scale of the corresponding microscopic dynamics. Hence, to all practical
purposes, it is legitimate to assume that a measurement ofA(x) will be essentially given by thein�nite
time averageof A(x(t)) . Theoretically, you could start your �molecular dynamics� simulations from
di�erent initial points, and the results of the in�nite time average should be identical for all di�erent
simulations. Hence, it should make no di�erence in the calculation of the averages if we also include
an �ensemble average�:

�
A

�
ens = lim

T !1

1
T

Z T

0
dt

Z
dx A(x) � (x ; t) = lim

T !1

1
T

Z T

0
dt hAi t : (3.26)

Suppose9 that the distribution itself �converges� to a stationary distribution for t ! 1 :

lim
t !1

� (x ; t) �! � st (x) : (3.28)

If such a � st (x) exists, since the dynamics of� (x ; t) is given by:

@
@t

� (x; t) =
NX

i =1

�
@H
@q i

@�
@p i

�
@H
@p i

@�
@q i

�
= f H; � gPB (3.29)

the limiting stationary distribution should satisfy f H; � st gPB = 0 . Now, suppose that the system
admits k independent constants of motionsf I 1 = H; I 2; � � � ; I k g. Then, the limiting stationary distri-
bution must be a function of the integral of motions:

� st (x) = F (I 1(x); I 2(x); � � � ; I k (x)) : (3.30)
9Please regard this as a swift �physicist� approach to the subject. A more careful approach would be to postulate that

the limit exist in a weaker sense, i.e., under an average with all physical observables:

lim
t !1

Z
dx A(x ) � (x ; t ) �!

Z
dx A(x ) � st (x ) : (3.27)

If the limit exists, then you can easily show that it dominates the in�nite-time integral: [A ]ens =
R

dx A(x ) � st (x ).
But the in�nite time-average of A might exist even if hA i t =

R
dx A(x ) � (x ; t ) has bounded �uctuations around

some average value.
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Indeed, it is simple to show10 that since f H; I j gPB = 0 , then automatically f H; � st gPB = 0 .

By far the most common case � for a system that is non-integrable and with appropriate conditions
(con�ned in a box) which kill all the trivial constants of motions such as total momentum or total
angular momentum � is that the only relevant constant of motion is the Hamiltonian itself, hence
� st (x) = F (H (x)) . Hence, if the � (x ; 0) was chosen such that it lies entirely in the manifold with
H (x) = E, then

� st (x) = � � CE (x) �
� (E � H (x))


( E )
; (3.32)

where 
( E ) is an appropriate normalisation factor (see below). This, essentially, de�nes themicro-
canonical ensembledistribution � � CE (x) in terms of which we now formulate the ergodic hypotesis:

[A]ens � h Ai � CE =
Z

d� A (x) � � CE (x) (3.33)

whered� denotes the integration measure in phase space, which we are free to rescale by an appropriate
dimensional constanth3N , end even with a Gibbs counting factor11 1=N!:

d� =
dx

N !h3N =
1

N !

NY

i =1

dq i dp i

h3 ; (3.34)

as long as the total volume
( E ) appearing as a normalisation factor in� � CE (x) is accordingly calcu-
lated as:


( E ) =
Z

d� � (E � H (x)) = )
Z

d� � � CE (x) = 1 : (3.35)

Notice that, although our argument went through the assumption that the distribution � (x ; t)
�converged� to a stationary micro-canonical distribution, the ergodic hypothesis requires less: it only
requires that the �in�nite time average� of the distribution approaches the micro-canonical one: 12

lim
T !1

1
T

Z T

0
dt � (x ; t) �! � � CE (x) : (3.36)

More about the distinction between ergodicity � which is the less stringent requirement in Eq. (3.33)
� and mixing � which is the more stringent requirement in Eq. (3.27) � below.

A slight relaxation of the strict restriction to the manifold with H (x) = E is possible and indeed
advisable since one might object that it is impossible to control with in�nite precision the initial energy
of all the initial points described by � (x ; 0). Indeed, let us assume that� (x ; 0), when analysed in its
energy content, occupies an interval of energies[E � � E ; E ], say with a �at histogram. Then, if you
denote by I � CE (�) the so-called indicator (or characteristic) function of the energy interval [E � � E ; E ]:

I � CE (x) =

8
<

:

1 if x 2 [E � � E ; E ]

0 otherwise
(3.37)

10 Simply use the chain rule for derivatives with the function F (y1 ; � � � ; yk ):

f H; � st gPB = f H; F (I 1 � � � I k )gPB =
NX

i =1

�
@H

@q i

@F

@p i
�

@H

@p i

@F

@q i

�

=
kX

j =1

@F

@yj

NX

i =1

�
@H

@q i

@Ij
@p i

�
@H

@p i

@Ij
@q i

�
=

kX

j =1

@F

@yj
f H; I j gPB = 0 : (3.31)

11 As you remember from the �rst lectures, the Gibbs counting factor is crucial to get a properly extensive entropy at
the classical level. It comes naturally from the classical limit of the quantum ideal gas calculation, together with the
appropriate factors of h3N , as we shall see later on.

12 Again, we should better intend the limit in the weak sense: under average with all possible physical observables,
which is what Eq. (3.33) actually states.
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the limiting micro-canonical distribution would be given by

� � CE (x) �
I � CE (H (x))
N� CE (E )

(3.38)

with the normalisation factor given by:

N� CE (E ) =
Z

d� I � CE (H (x)) =
Z E

E � � E

dE 0 
( E 0) : (3.39)

Once again, the ergodic hypothesis stipulates that long-time averages should be reproduced by the
micro-canonical averages calculated with� � CE (x). 13

The ergodic condition 14 can be �pictured� in many ways: an interesting geometrical �picture� is
that a system is ergodic when the trajectoryx(t) passes close to nearly all the states compatible with
the conservation of energy, see Figure 3.3, for almost all possible initial conditions.

Figure 3.3: A sketch of an ergodic trajectory in phase space
� . The grey surface is the set of con�gurations with energy
E , the micro-canonical energy shell, whereE is the energy of
the initial state x 0 . An ergodic trajectory x (t) passes close
to nearly all the states with energy E as t approaches1 .

Ergodicity has been mathematically proven for a small set of systems, mainly billiards with hardcore
spheres [12, 13]. A lack of ergodicity could come from many factors: integrability, on one extreme,
and glassiness, on the other. A classical system is integrable when there is a complete set of constants
of motion which restricts the dynamics to essentially one-dimensional degrees of freedom. In this
case, ergodicity can be in some sense �recovered� by restricting the micro-canonical average to the
appropriate surface in which all the constants of motion are �xed. More interesting is the case
of systems that are �close to integrability�: when the Hamiltonian is slightly perturbed from an
integrable one, the trajectories remain �trapped� in surfaces, called invariant tori, and they are unable
to �ll the available phase space. A numerical example of this e�ect was discovered by Fermi, Pasta,
and Ulam [14]; the mathematics of it is contained in the famous Kolmogorov-Arnold-Moser (KAM)
theorem [11,15�17]. Glasses, at the other extreme, are a well-known class of systems where ergodicity
fails. In these systems, the con�guration is dynamically trapped in a subset of the phase space and
the system is not able to �ll the allowed micro-canonical energy shell in any reasonable time scale.
Glassy dynamics has been shown even in simple systems, e.g., lattice Hamiltonians with density
constraints, for instance when a particle on a lattice cannot have more than a given number of
occupied neighbouring sites [18]. Glassiness, and ergodicity breaking, is also present in disordered
systems, like spin glasses [19], i.e., disordered magnets with frustrated interactions. Besides these

13 Notice that when � E is small, you can approximate:

N� CE (E ) ' � E 
( E ) ;

and therefore:

� � CE (x ) '
I � CE (H (x ))

� E 
( E )
� E ! 0

�!
� (E � H (x ))


( E )
:

14 Notice that ergodicity and chaos [11] are not synonyms: in ergodicity, we analyse the �lling of the phase space while
in chaos we study the behaviour of the trajectories starting from similar initial conditions. This means that if a
system is ergodic it is not necessarily chaotic, and the opposite (for instance, N-bodies in gravitational interaction
is chaotic but not ergodic). At the same time, chaos gives to the ergodic hypothesis even more importance: if a
system is chaotic, even if we know the initial state x 0 we will not be able to follow its dynamics because any small
error, even in�nitesimal, generates divergent trajectories.
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well-studied cases, it is commonly believed that in most of the non-trivial classical Hamiltonians with
many degrees of freedom ergodicity is ful�lled [9].

3.1.3. Ergodicity versus mixing and the Poincaré recurrence theorem

Question: if we start from an out-of-equilibrium state, will the observables approach their equi-
librium (micro-canonical) value as time proceeds? The answer to this important question is deeply
rooted in the concept of mixing.

Recall the de�nition we have already given before. A system is saidmixing if for any initial ensemble
� (x ; 0) and any observableA(x) we have:

lim
t !1

Z
d� A (x) � (x ; t) relaxes to eq :�!

Z
d� A (x) � � CE (x) : (3.40)

In other words, this means that, in a mixing system, the mean value at timet of A(x) approaches,
for large times, the micro-canonical average. To illustrate the concept of mixing, we sketch in Fig. 3.4
possible di�erent types of �ow in phase space starting from an initial ensemble which is concentrated
in a �nite volume of phase space (the deformed rectangles). During the time evolution the volume

Figure 3.4.: Sketch of three types of �ow in phase space. (a) non-ergodic: the initial sample moves without
distortion, returning to the initial condition after a �nite time; (b) ergodic: the shape of the initial sample
is only slightly altered by time evolution but it never returns to the initial condition and it sweeps out the
allowed portion of phase space; (c) mixing: the shape is distorted by time evolution and after an in�nite time
it spreads out over the whole allowed phase space. Figure taken from Ref. [9].

occupied by the initial ensemble moves and deforms, building a �ow inside the phase space. From
Liouville's theorem, the volume is conserved by the �ow, but the shape can evolve and be deformed
in many ways. The simplest case is illustrated in panel (a) of Fig. 3.4, in which the initial volume
moves without distortion, returning to the initial position in phase space after a certain time: in
this case, the �ow sweeps a �nite fraction of the available phase space. This �ow is neither ergodic
nor mixing. An example of ergodic �ow is shown in panel (b) of Fig. 3.4, where the initial shape is
only slightly altered, but it never returns to its initial location and visits essentially every region of
available phase space. Finally, panel (c) of Fig. 3.4 illustrates a mixing �ow: here the shape of the
initial distribution is highly distorted as time increases and evolves into an octopus with contorted
arms which grow into extremely �ne �laments that spread out uniformly over the whole phase space.
An example of a mixing �ow is shown in Fig. 3.5. Essentially, in a mixing �ow, starting from an
initial out-of-equilibrium ensemble the distribution � (x ; t) evolves towards the equilibrium one, i.e.,
the micro-canonical ensemble in the case of an isolated system. As one might guess by looking at
the sketches of Fig. 3.4, mixing is a stronger condition than ergodicity: it implies ergodicity but is
not implied by it. Like for ergodicity, mixing has been mathematically proven only for a few simple
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systems. The most known result is due to Sinai who proved, in 1962, that the hard-sphere gas is
ergodic and mixing [12]. It has also been proved rigorously [20] that mixing is strongly connected to
the instability of trajectories associated with chaotic dynamics in phase space, and is deeply related
to the issue of irreversibility [8].

Figure 3.5: An example of a mixing �ow: 20% of rum and
80% of cola produce, after mixing, a �Cuba libre�. The �gure
is taken from Ref. [8]. If the initial drop is substituted by
oil, then a vigorous shaking will only produce an ergodic mo-
tion of oil drops, which will never mix with the surrounding
medium.

The following simple example shows the di�erence between ergodicity and mixing. Consider the
simple evolution de�ned on the two-dimensional torus f (q; p) j with q mod (1); p mod (1)g:

�
_q = 1 ) q = q0 + t mod (1)
_p = � ) p = p0 + �t mod (1)

(3.41)

with � = tan( � ) irrational. 15 Consider now an �observable�A(q; p). On the torus, it will be a periodic
function of (q; p), which we can expand in Fourier series:

A(q; p) =
X

n;m

Ân;m e2�i (mq + np ) :

Hence we have that:
A(q(t); p(t)) =

X

n;m

Ân;m e2�i (m (q0 + t )+ n (p0 + �t )) :

The in�nite-time average is simple to calculate:

A = lim
T !1

1
T

Z T

0
dt A (q(t); p(t)) = Â0;0 +

6=(0 ;0)X

n;m

Ân;m e2�i (mq 0 + np 0 ) lim
T !1

1
T

e(m + n� )2 �iT � 1
2�i (m + n� )

= Â0;0 : (3.42)

This system is evidently ergodic, as the time-average is reproduced by the totally �at distribution
� st (q; p) = 1 :

hAi st =
Z 1

0
dq

Z 1

0
dp A(q; p)� st (q; p) = Â0;0 :

But the �ow is far from mixing: if you take a small ball R0 as initial � (q; p; t = 0) the shape of
this ball is essentially undistorted by the �ow: the ball simply moves at an angle � , bouncing with
periodic boundary conditions at the border of the torus. Hence� (q; p; t) does not convergeto the �at
distribution � st (q; p) = 1 , but rather comes in�nitely close, and in�nitely many times, to any point in
phase space.

An early paradox that puzzled the fathers of statistical mechanics is given by the Poincaré recurrence
theorem. The theorem is simple to state and prove. A few de�nitions will clarify the notation. Let
Ut (x0) denote the (Hamiltonian) evolution operator (or �ow) for the initial point x0 at time t:

x(t; x0) = Ut (x0) :

Correspondingly Ut (R) denotes the image underUt of all points in a region R:

Ut (R) = f x0
�
� 9x 2 R such that x0 = Ut (x)g :

15 Notice that � is irrational for �almost all� values of the angle � .
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Let now R0 be a small neighborhood of some pointx0 in phase space:

R0 = f x
�
� jx � x0j < � g :

Fix now an arbitrary �xed time � and consider the stroboscopic images of an initial regionR0 of phase
space: U� (R0), U2

� (R0) = U� (U� (R0)) , etc. Figure 3.6 illustrates the content of the theorem. The

Figure 3.6: Illustration of the Poincaré recurrence theorem.
Figure adapted from Arovas.

theorem states:

Poincaré recurrence theorem . If the phase space volume is�nite , and the evolution
operator is invertible and volume-preserving, then in any �nite region R0, there exists a
point x1 2 R0 such that x2 = Um

� (x1) 2 R0 for some �nite value of m.

Proof : The proof proceeds by contradiction. If the thesis is assume false, then all Uk
� (R0) will have to be

disjoint sets, for all values k 2 N. Hence:

vol

 
1[

k =0

Uk
� (R0)

!

=
1X

k =0

vol
�

Uk
� (R0)

�
= vol ( R0)

1X

k =0

1 = 1 ;

which contradicts the hypothesis that the phase space volume is �nite. Here we have used the fact that the
�ow is volume-preserving. If the di�erent Uk

� (R0) cannot be all disjoint, there must exist two integers k < l
such that

Uk
� (R0) \ U l

� (R0) 6= ; :

But the invertibility of Ut will allow us to apply U � k
� to the previous set, hence:

R0 \ U l � k
� (R0) 6= ; :

Let us now call m = l � k > 0. Take an element x 2 2 R0 \ Um
� (R0), and de�ne x 1 = U � m

� (x 2). Then we have

found an x 1 2 R0 such that x 2 = Um
� (x 1) 2 R0 , which is what we wanted to prove. The puzzling aspect of

the recurrence theorem is illustrated in Fig. 3.7: a bottle containing vapours of a perfume is opened in
a room empty of molecules (left); after a very short time (centre) all molecules have uniformly occupied
the room; in a su�ciently long time (right), a recurrence should be expected, and all molecules should
be back in the bottle. A few comments are in order. The bottle can be imagined to be arbitrarily small
so that the con�guration space neighbourhood of the initial point x0 can be imagined to be very small.
Moreover, given the initial velocities of all the perfume molecules, you can consider a regionR0 around
x0 which is indeed arbitrarily small. Two aspects of the theorem should make you con�dent that no
real violation of irreversibility is practically implied by the recurrence theorem. First, the theorem
guarantees that a suitablex1 2 R0 can be found such thatUm

� (x1) = x2 2 R0: this implies that in
general you have to�ne tune the initial condition inside the small region R0 to obtain recurrence.
Second, the e�ective time m� for recurrence might be extremely large, indeed even larger than the
age of the universe. Finally, such a rare occurrence would not, in any event, modify the time average
of a physical observable; indeed you might argue that, during the measurement time, the molecules
would return to the �typical� situations predicted by statistical mechanics.
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Figure 3.7: Illustration of the Poincaré recurrence theorem.
Figure adapted from Arovas.

Returning to the concept of mixing, here is an equivalent formulation, mathematically more con-
venient, which proceeds through the �measure� of regions in phase space. Let us denote by

� (R0) = vol( R0) =
Z

d� I( R0) ;

the volume of a regionR0 in phase space, whereI( R0) is the indicator function of R0, and 
 is the full
phase space of �nite volume. Recall thatUn

� (R0) has the same volume asR0, by Liouville theorem:
� (Un

� (R0)) = � (R0). Then mixing requires that for any measurable regionB you have:

lim
n !1

� (Un
� (R0) \ B )
� (B )

=
� (R0)
� (
)

8B with � (B ) > 0 : (3.43)

In words, for very long time, the fraction of Un
� (R0) in any region B approaches the absolute volume

fraction of R0 in the full phase space
 .

To summarise, the various types of behaviour we have discussed can be classi�ed in a hierarchy as
shown in Fig. 3.8.

Figure 3.8: The hierarchy of behaviours for Hamiltonian
systems. Figure taken from Arovas.

3.2. Ensembles in quantum statistical mechanics

In this section, we brie�y overview the statistical approach to closedquantum systems. A closed
quantum system is described by a Hamiltonian bH , which is a Hermitian operator [21]. A state of the
system is described by a wave-functionj	 i and the �phase space�16 is given by the associated Hilbert
space [21]. The dynamics is governed by the Schrödinger equation, which is a linear �rst-order in time
partial di�erential equation:

i~
d
dt

j	( t)i = bH j	( t)i ; (3.44)

where j	( t)i is the wave-function at time t. We will denote by j	 0i � j 	(0) i the initial state.

16 Notice the immensely di�erent degree of complexity that quantum mechanics poses. To represent N classical particles
in 3d we need to specify 6N real numbers, hence a number which scales linearly with N . On the contrary, even a
single quantum particle in 1d requires specifying a wave-function , hence an in�nite-dimensional space is required.
Even upon truncating the single-particle Hilbert space to a �nite number N states , the quantum problems associated
with N particles will require dealing with a Hilbert space of dimension (N states )N , hence exponentially large in the
number of particles.
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We start with some observations. Given any orthonormal basis setfj � ig of the Hilbert space, the
initial wave-function j	 0i can be expressed as

j	 0i =
X

�

c� j� i ; (3.45)

where c� � h � j 	 0i . An exact description of the initial state requires the knowledge of all thec� 's,
whose number grows as the Hilbert space dimension, i.e.,exponentiallywith the system size. Therefore,
like in classical physics, a statistical approach is essential when you want to deal with macroscopic
systems. The second remark has to do with the linearity of the Schrödinger equation, as opposed
to the generally non-linear Hamiltonian dynamics of classical physics. Due to linearity, if the basis
chosen is given by the eigenstatesj� i = j� � i of the Hamiltonian bH , with eigenvaluesE � , the solution
of Eq. (3.44) is:

j	( t)i =
X

�

c� e� i E � t
~ j� � i : (3.46)

If we regard this time evolution as a trajectory in �phase space�, quantum dynamics seems far from
being ergodic. Indeed, the square modulus ofh� � j 	( t)i = c� e� iE � t= ~ , proportional to the probability
of getting E � in a measurement of energy,does not changein time during the evolution:

j h� � j 	( t)ij 2 = jc� j2 :

As the time advances, only the phase ofh� � j 	( t)i �rotates� in the complex plane. Let us denote by

E0 � h 	 0j Ĥ j	 0i =
X

�

E � jc� j2 conserved=) h 	( t)j Ĥ j	( t)i = E0 ; (3.47)

the average energy of the initial state, which is a conserved quantity. We will further assume that
j	 0i is a reasonable physical state, prepared as an eigenstate of some other many-body Hamiltonian
bH0, in a setting that is often referred to as quantum quench. We will then assume that, while E0 is
extensiveE0 / N , the energy spread� E0 of the state j	 0i is sub-extensive, for instance

� E0 =
q P

� (E � � E0)2jc� j2 /
p

N : (3.48)

In the Hilbert space, the �hyper-surface� of constant energyE0 is given by all the normalized
states j� i =

P
� b� j� � i which satisfy the �hyper-ellipsoid� equation E0 = h� j Ĥ j� i =

P
� E � jb� j2.

The states touched byj	( t)i during the quantum dynamics are evidently just a small subset of such
�hyper-ellipsoid�, since the jc� j2 are �xed: therefore, whatever is the Hamiltonian and the initial state,
there is a huge set of normalised statesj� i with energy E0 which is neither touched nor close to
the trajectory of j	( t)i . In summary, the conservation of the quantity j h� � j 	( t)ij 2 = jc� j2, directly
implied by the linearity of the Schrödinger equation, seems to prevent any kind of ergodicity, at least
in the classical sense:the time evolution of a quantum system does not uniformly sample all vectors
in Hilbert space with given energy. This fact was underlined by von Neumann [22, 23] in his seminal
work on the quantum mechanical counterpart of the ergodic theorem.

A further element that makes the quantum evolution very di�erent, at least super�cially, from the
classical one is the fact that the Schrödinger equation islinear, while Hamilton's equations are in
general non-linear. 17 Non-linearities, typically, bring a chaotic behaviour of trajectories, which tend
17 As a disclaimer to the discussion which is about to follow, consider the following paragraph, taken from a Wikipedia

footnote on ETH. � As an intuitive explanation for why quantum chaos must be handled di�erently from classical chaos,
some authors contrast the linearity of the Schrödinger equation to the non-linear nature of the equations of motion for
classically chaotic systems, emphasizing in particular that the inner product between vectors in Hilbert space is preserved
in contrast to the exponential separation between classical points in phase space. This is misleading, however, as the
Schrödinger equation is equivalent to the von Neumann equation specialized to the case of a pure state, and the von
Neumann equation is directly analogous to the classical Liouville equations � @t � (x; t ) = f H; � gPB � which is also
linear. In other words, this apparent di�erence between quantum and classical mechanics is only an artefact of comparing
di�erent representations of the dynamical equations; once classical mechanics and quantum mechanics are put on equal
footing, their dynamical equations are both linear, so that linearity per se cannot be responsible for the di�erent tools
necessary to study quantum versus classical chaos.�
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to depart exponentially fast from each other, even if they start from very close by initial points. On the
contrary, the overlap between two �nearby states� will stay perfectly constant in quantum mechanics,
as you can immediately verify:

h 2(t)j 1(t)i = h 2(0)jÛy(t; 0)Û(t; 0)j 1(0)i = h 2(0)j 1(0)i : (3.49)

You might be thinking that there is no hope for �ergodicity� in quantum mechanics, given all these
observations. But this is too fast a conclusion: nature is, after all, quantum.

To better appreciate the crucial role played by non-linearity in the potential entering in the quan-
tum Hamiltonian [24], consider the quantum dynamics of a system governed by the non-relativistic
Hamiltonian:

bH =
p̂2

2m
+ V(x̂ ) : (3.50)

Quite clearly, you might easily adapt the arguments that follow to a system made of many interacting
particles. Given an arbitrary Hermitean operator Â, the expectation value on the state j (t)i =
e� i bHt= ~ j (0)i is

h (t)jÂ j (t)i = h (0)jei bHt= ~Âe� i bHt= ~ j (0)i : (3.51)

The expression on the right-hand side de�nes the Heisenberg representation of the operator̂A, as you
know very well:

ÂH (t) def= ei bHt= ~Âe� i bHt= ~ ; (3.52)

in terms of which we have:
h (t)jÂ j (t)i = h (0)jÂH (t)j (0)i : (3.53)

As you know, one can write a di�erential equation satis�ed by ÂH (t) by simply taking the derivative
with respect to time. It is simple to show that:

i~
d
dt

ÂH (t) = ei bHt= ~ [Â; bH ]e� i bHt= ~ = [ ÂH (t); bH ] ; (3.54)

an equation known as Heisenberg equation of motionfor the operator ÂH (t). Incidentally, if the
operator Â commutes with bH , then ÂH (t) � Â and, as a consequence:

h (t)jÂ j (t)i = h (0)jÂ j (0)i : (3.55)

Hence, in words,h (t)jÂ j (t)i is a constant of motion.

Let us now use Heisenberg's equations of motions for̂x and p̂ to calculate how the average position
and momentum evolve in time. Recall that the operators x̂ and p̂ have canonical commutation
relations and that they verify:

[x̂ j ; f (p̂)] = i~r j f (p̂) and [p̂j ; V (x̂ )] = � i~r j V(x̂ ) ; (3.56)

provided the functions f (p) and V(x) can be Taylor expanded. Using these results, it takes very little
to show that the Heisenberg's equations of motions for̂x H (t) and p̂H (t) read as follows:

8
>><

>>:

dx̂ j; H

dt
=

p̂j; H

m
dp̂j; H

dt
= �r j V(x̂ H )

: (3.57)

Consider now the expectation values of position and momentum which we brie�y denote byĥx i t
def=

h (t)jx̂ j (t)i and ĥpi t
def= h (t)jp̂ j (t)i . Using Heisenberg's equations you immediately conclude that:

8
>><

>>:

d
dt

ĥx i t =
ĥpi t

m
d
dt

ĥpi t = �h  (t)jr V (x̂ )j (t)i
: (3.58)
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Notice that the last equation is non-classical, because in general

h (t)jr V (x̂ )j (t)i 6= r V (ĥx i t ) :

And from this equation, you appreciate immediately the role of the non-linearities appearing inV (x).
Indeed, if V (x) is quadratic, then the expectation values ofx̂ and p̂ satisfy precisely the classical
equations of motions of a system of harmonic oscillators. However, if non-linear terms appear inV (x),
then r V (x̂ ) involves higher powers ofx̂ , and you if try to generate their Heisenberg's equations, you
keep generating other operators, in a never-ending system of coupled di�erential equations.

3.2.1. Diagonal ensemble and Eigenstate Thermalisation Hypothesis (ETH)

Ergodicity in quantum mechanics is a far from trivial concept, and von Neumann's work has
stimulated a large body of literature in the last thirty years, aimed at understanding how a statistical
description emerges from a fully coherent (unitary) Schrödinger dynamics.18 Qualitatively, we might
say that quantum mechanics provides a natural coarse-graining of �phase space�, due to the uncertainty
principle. Any initial wave-function has a �nite width in position and momentum; because of �mixing�,
it gets spread all over the energy shell and the asymptotic expectation value of the observables coincides
with the average on the micro-canonical ensemble [25]. To make these considerations more precise,
in analogy with the analysis of classical trajectories in phase space sketched above, let us consider in
more detail the dynamics of states in the Hilbert space and the average of observables. Consider some
operator Â and calculate its average on the time-evolved statej	( t)i :

hÂi t � h 	( t)jÂ j	( t)i =
X

�;� 0

e� i (E � 0� E � ) t= ~ c�
� c� 0 h� � jÂ j� � 0i

| {z }
[A ]�� 0

:

Take now the integral over a large timeT, as we did in the classical case:

hÂi t � lim
T !1

1
T

Z T

0
dt hÂi t = lim

T !1

1
T

Z T

0
dt

X

�;� 0

e� i (E � 0� E � ) t= ~ c�
� c� 0 [A]�� 0 : (3.59)

If you assume that the system is �nite (so that the spectrum is discrete) and that bH is the only
�constant of motion� (i.e., there are no other �symmetries� in the problem or any other operators that
we might diagonalise simultaneously with bH , getting a �crossing� of eigenvalues), then the eigenvalues
will typically � repel each other� so that the gap between two di�erent states is non-vanishing, i.e,

E � 0 � E � 6= 0 if � 6= � 0 : (3.60)

Assuming such anon-degenerate spectrum, the time-integral reproduces a delta-function: 19

lim
T !1

1
T

Z T

0
dt e� i (E � 0� E � ) t= ~ = � E � ;E � 0 = � �;� 0 :

Here, the in�nite-time-average of Â becomes:

hÂi t =
X

�

jc� j2[A]�� = Tr
h
�̂ diag Â

i
� h Âi diag

where

�̂ diag �
X

�

jc� j2j� � ih� � j

: (3.61)

18 For this section I am particularly in debt with Angelo Russomanno and Silvia Pappalardi.
19 For a many-body system, energy eigenvalues are extensive, i.e., proportional to the number of particles N , while

the number of eigenstates in the spectrum increases exponentially with N : hence, the typical energy splitting � E is
exponentially small in N . Technically, the time T you would need to distinguish two such eigenstates di�ering by
� E should be fantastically large, larger than the so-called Heisenberg time :

T � T Heis �
2� ~

� E
� eN :
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The object we have introduced is a density matrix constructed out of the coe�cients jc� j2, and is
usually called the diagonal ensembledensity matrix. You can regard it as a time-average of the
original pure-state density matrix �̂ (t) = j	( t)ih	( t)j:

j	( t)i h	( t)j = lim
T !1

1
T

Z T

0
dt

X

�;� 0

e� i (E � 0� E � ) t= ~ c�
� c� 0 j� � 0ih� � j =

X

�

jc� j2 j� � i h� � j � �̂ diag :

(3.62)
So far, there is no hint of ergodicity in the Hilbert space, and the diagonal ensemblecannot be
regarded as a statistical description of our system, as its construction depends explicitly on the very
large number of constants of motionjc� j2 which are determined by the initial state j	 0i .

What we would aim at, is that the result of the average can be equivalently expressed by what we
might call the micro-canonical density matrix

�̂ � CE (E ) =
1

N� CE (E )

X

�

I � CE (E � ) j� � i h� � j ; (3.63)

whereI � CE (�) is the indicator function of the micro-canonical energy shell interval20 [E � � E
2 ; E + � E

2 ],
and the normalisation, Tr[ �̂ � CE ] = 1 , requires:

N� CE (E ) =
X

�

I � CE (E � ) = Number of energy eigenvalues in[E � � E
2 ; E + � E

2 ] � Shell(E ) : (3.64)

Here, as in the classical case, theBoltzmann's fundamental hypothesiswould be to assume that the
number of states in the micro-canonical shell is essentially the exponential of the thermodynamic
entropy

N� CE (E ) =
X

�

I � CE (E � ) ' eS(E; X )=kB ; (3.65)

X being the remaining extensive conserved quantities present in the Hamiltonian (for instanceV
and N for a simple �uid). Let us stress here that, in a many-body system, the total number of
eigenstates is exponentially large inN , while the energies are extensive: hence, you can allow yourself
a micro-canonical width � E with a rather large freedom, for instance sub-extensive:� E / N � with
1
2 < � < 1.

Such a micro-canonical description is expected to hold for all those initial statesj	 0i whosec� 6= 0
only for E � 2 Shell(E0). If you recall that the energy �uctuations � E0 are assumed to be sub-
extensive,� E0 /

p
N , then it is enough to take a shell width � E / N � with � > 1

2 to guarantee that
essentially allenergy eigenstates contributing toj	 0i fall inside the micro-canonical shellShell(E0), for
large N . But still, the micro-canonical density matrix corresponds to having constant jc� j2 = 1=N� CE

over the whole energy shellShell(E0), while the c� of the initial state are de�nitely not constant.

We seem to have reached a paradox: on the one hand, if the observables relax to some steady-state
value, the latter has to be given by the average over the diagonal ensemble in Eq. (3.62); on the other
hand, if there is thermalisation, any detailed information on the initial state must be forgotten, and
such a steady-state value should coincide with the micro-canonical average:

hÂi � CE (E0) � Tr
h
Â �̂ � CE (E0)

i
; (3.66)

associated to the density matrix in Eq. (3.63) for the energy shellShell(E0).

Borrowing a paragraph from Wikipedia:

In principle it is thus an open question as to whether an isolated quantum mechanical system,
prepared in an arbitrary initial state, will approach a state which resembles thermal equilibrium,

20 We take here a more symmetric energy shell, centred at the energy E with width � E .
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in which a handful of observables are adequate to make successful predictions about the system.
However, a variety of experiments in cold atomic gases have indeed observed thermal relaxation
in systems which are, to a very good approximation, completely isolated from their environment,
and for a wide class of initial states [26,27]. The task of explaining this experimentally observed
applicability of equilibrium statistical mechanics to isolated quantum systems is the primary goal
of the Eigenstate Thermalisation Hypothesis (ETH). [....] The principal philosophy underlying
the ETH is that instead of explaining the ergodicity of a thermodynamic system through the
mechanism of dynamical chaos, as is done in classical mechanics, one should instead examine
the properties of matrix elements of observable quantities in individual energy eigenstates of
the system.

Figure 3.9.: Test of ETH on the Heisenberg chain model with a staggered �eld, to break integrability. Notice
decrease of the variance of the various diagonal matrix elements (denoted by ETH) for increasing N . Notice
also the grey shaded low-temperature region, where the low-energy part of the spectrum shows the most
prominent deviations from ETH. Figure taken from Ref. [28].

To solve this apparent paradox, and understand the mechanism behind thermalisation, one has to
look at the properties of the observables and their matrix elements. To make the following discussion
less abstract, let us write down a concrete non-integrable model for which we expect thermalisation
to occur. Take a spin chain composed ofN spin-1/2, in a perturbed variant of the so-called XXZ
Heisenberg chain:

bH = J
N � 1X

j =1

�
�̂ x

j �̂ x
j +1 + �̂ y

j �̂ y
j +1 + � ^ � z

j �̂ z
j +1

�

| {z }
Heisenberg XXZ

+ b
X

j even

�̂ z
j : (3.67)

For b = 0 we have a Heisenberg chain model, which is Bethe Ansatz integrable when periodic boundary
conditions (PBC) are used. The phase diagram of this model has three phases as a function of the
anisotropy � : a Néel antiferromagnetic phase, for� > 1, a ferromagnetic phase for� < � 1, and a
Luttinger liquid phase for � 1 < � < 1. For � > 0 the nearest-neighbour correlations between spins
are antiferromagnetic, but a proper antiferromagnetic long-range order (LRO) is possible only in the
Néel phase for� > 1. The role of b is to break integrability.

What has been found is that, in many cases, thermalisation oflocal observables� both extensive but
also fully local (see below) � occurs at the level of their expectation values on each single eigenstate:
given any energy eigenstatej� � i with energy E � , the matrix element of the observableÂ on j� � i
�equals� the micro-canonical average:21

21 A more general version of ETH can be given for all the matrix elements, in the form:

[A ]�� 0 � h � � j Â j� � 0i ' � �;� 0A � CE (E � ) + e� S ( �E ) =2k B f Â ( �E; ! ) � �;� 0 ; (3.68)

where �E = ( E � + E � 0)=2 and ~! = E � 0 � E � .
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[A]�� � h � � j Â j� � i ' A � CE (E � ) + e� S(E � )=2kB f Â (E � ) � � : (3.69)

where A � CE (E ) = hÂi � CE (E ) is a short-hand notation for micro-canonical average. This assumption
is called Eigenstate Thermalisation Hypothesis(ETH). Here �equals� means �up to an exponentially
small �uctuating term � (notice the entropy factor), where f Â (E ) is a smooth function and� � a random
number with 0 mean and unit variance. To exemplify the concept oflocal observableconsider, in the
spin-chain example given above,Â = �̂ z

j , the spin at a given site j ; but also

Â =
regionX

j

(� 1)j �̂ z
j ; (3.70)

the staggered magnetization calculated for all spins in a certain (extensive) region of the system.

ETH implies that, by taking an initial state j	 0i with overlaps c� restricted to the micro-canonical
energy shellShell(E0), the time-average of the observable equals its micro-canonical average:22

hÂi t � h	( t)j Â j	( t)i =
X

�

jc� j2 [A]�� ' h Âi � CE (E0) : (3.71)

Figure 3.9, taken from Ref. [28], illustrates the validity of ETH for the non-integrable variant of the
Heisenberg spin chain model presented above, with� = 0 :5 and b=J = 1 . Notice the comparison of the
various diagonal matrix elements (denoted by ETH) with the Gibbs ensemble calculation (rather than
the micro-canonical average) as a function ofT, calculated from the derivative of the total entropy
with respect to E .

Moreover, one can give arguments showing thath	( t)j Â j	( t)i will stay �for most of the time�
close to the micro-canonical average, with small time-�uctuations whose importance vanishes in the
thermodynamic limit. 23

22 The algebra is simple. Neglecting the exponentiallly small entropy-related correction, we need to consider A � CE (E � )
which can be Taylor expanded up to second-order around E0 = N" 0 as follows:

A � CE (E � ) = A � CE (E0 ) +
(E � � E0 )

N
A 0

� CE (" 0 ) +
(E � � E0 )2

2N 2
A 00

� CE (" 0 ) + � � �

The �rst-order correction vanishes by de�nition, while the second-order term is proportional to � E 2
0 =N 2 , and hence

gives O(1=N ) corrections by the assumed sub-extensivity of � E0 .
23 Time �uctuations of the expectation around the thermal average originate from the o�-diagonal terms [A ]�� 0

(�A time )2 =
h
h	( t )j Â � hÂ i t j 	( t ) i 2

i
=

X

� 6= � 0

jc� j2 j[A ]�� 0j2 jc� 0j2 : (3.72)

If we assume that the o�-diagonal matrix elements [A ]�� 0 �uctuate little with � and � 0 around their typical value
[A ]typ

�� 0, we can use the ETH to show that they are very small. This can be easily done by considering, for each

eigenstate j� � i , the expectation value of the quantum �uctuation operator (Â � [A ]�� )2 . Such expectation, because
of ETH, has to be equal to its micro-canonical value; it can be argued to be of order 1 if Â is a local operator [29]
or, at most, order N if Â is an extensive operator, the sum of local operators. Hence, at worst we �nd

N � h � � j (Â � [A ]�� )2 j � � i =
6= �X

� 0

j[A ]�� 0j2 ' eS ( E ) =k B

�
�
� [A ]typ

�� 0

�
�
�
2

(3.73)

where S(E ) = kB log N� CE (E ) is the entropy on the energy shell, which is extensive in N . Therefore, substituting
j[A ]typ

�� 0j2 � N e� S ( E ) =k B in place of j[A ]�� 0j2 in Eq. (3.72), we can estimate the time �uctuations of Â as

(�A time )2 � N e� S ( E ) =k B :

In many-body systems, since the entropy is extensive, this quantity is exponentially small in N . Therefore, ETH
implies the relaxation of the expectations of the observables to the thermal average.

Time �uctuations should not be confused with quantum �uctuations which, for each t , give an uncertainty

�A 2
t = h	( t )j(Â � h Â i t )2 j 	( t ) i :
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3.3. From the micro-canonical to the canonical ensemble

Summarising what we discussed in the previous sections, for a closed quantum system obeying the
ETH we can calculate averages of observables through the micro-canonical ensemble. The prescriptions
are the following:

Quantum � CE

8
>>>>>>>><

>>>>>>>>:

hÂi � CE � Tr
h
Â �̂ � CE

i

�̂ � CE =
1

N� CE

X

�

I � CE (E � ) j� � i h� � j

N� CE (E ) =
X

�

I � CE (E � )
Boltzmann

' eS(E; X )=kB

: (3.74)

An essentially identical prescription holds in the classical ergodic case, where the di�erence is
essentially only in the way we calculate the number of states:

Classical � CE

8
>>>>>><

>>>>>>:

hAi � CE �
R

d� A (x) � � CE (x)

� � CE (x) =
1

N� CE

I � CE (H (x))

N� CE (E ) =
Z

d� I � CE (H (x))
Boltzmann

' eS(E; X )=kB

: (3.75)

The whole of thermodynamics follows from the knowledge ofS(E; X). But the calculation of the
available number of states in the micro-canonical energy shell is non-trivial for all except a few highly
idealised situations.

As discussed in the introductory lectures, a Laplace transform,alias switching to the canonical
ensemble, where the temperatureT is the control parameter and F (T; X) is the fundamental quan-
tity, would simplify the calculations enormously. The entropy S(E; X) and the Helmholtz free-energy
F (T; X) contain the same information, and, provided the system under consideration isthermodynam-
ically large and forces areshort ranged, one can use the micro-canonical ensemble or the canonical one,
and it should make no di�erence: this concept is usually calledequivalence of the ensembles, and you
can �nd rigorous approaches where these matters are clari�ed (see for instance the books by Ruelle
or Gallavotti).

Here I want to show that there is a di�erent route by which the canonical ensemble can be �derived�
(under the appropriate hypothesis of in�nitesimally small coupling to a large bath), a route that does
not require that the system under consideration is thermodynamically large: you can do statistical
mechanics of asmall system(a single spin, or a single atom), as long as this system is in contact with
a bath which is thermodynamically large.

Let us see how to �derive� the quantum canonical ensemble starting from̂� � CE , by using the device
of regarding the system we are interested in as asubsystemof a much larger systemS[ B with Hilbert
spaceH S 
 H B , comprising the system (S, with Hilbert space H S ) and a large reservoir �bath� (B ,
with Hilbert space H B ).

What we have still to verify is that �uctuations around the micro-canonical average coincide with thermal �uctua-
tions. General statistical mechanics arguments predict �uctuations scaling like 1=

p
N with respect to the thermal

average. The exponentially small time-�uctuations are indeed not enough: we need to consider also the contribution
of quantum �uctuations h	( t )j(Â � h Â i t )2 j 	( t ) i which, analytically in the general semiclassical chaotic case [30] and
through numerical experiments on an ergodic hard-core bosons model [26], have been shown to behave as expected.
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In�nitesimal coupling assumption. We will assume that the Hamiltonian of the combined
system is:

bH = bHS + bHB + � bHSB ; (3.76)

where bHS=B is the Hamiltonian of the System/Bath, while bHSB is the System-Bath interaction,
which we assume to be present � to allow energy exchange betweenS and B � but in�nitesimally
small. The factor � in Eq. (3.76) reminds us of that assumption. Due to this assumption, the
energy eigenstates ofbH are given by products of eigenstatesj� � i of bHS , with energy E � , and
eigenstatesj� bi of bHB , with energy Eb. I will denote them by j� � ; � bi = j� � i 
 j � bi , with a
corresponding energy isE tot

�;b = E � + Eb.

i

Consider now an operatorÂS which acts only on the system Hilbert spaceH S , and calculate the
full micro-canonical average according to the prescriptions given above:

hÂS i � CE = Tr S[ B

h
ÂS �̂ � CE

i
= Tr S

h
ÂS Tr B �̂ � CE| {z }

�̂ S

i
= Tr S

h
ÂS �̂ S

i
;

where:
�̂ � CE =

1
N� CE

X

�;b

I � CE (E � + Eb) j� � ; � bi h� � ; � bj : (3.77)

Our goal is to show that, if the bath B is a very large system, then the reduced density matrix�̂ S

acting on the system,S is the canonical Gibbs ensembledensity matrix

�̂ S = �̂ CE =
e� � bH S

Tr S e� � bH S
with � =

1
kB T

=
1

kB

@SB
@E

; (3.78)

where T is the temperature set by the bath through the usual thermodynamic relationship in terms
of the entropy of the bath SB (E; X).

To show this, let us start observing that

�̂ S = Tr B �̂ � CE =
X

b0

h� b0j
X

�;b

I � CE (E � + Eb)
N� CE (E )

j� � ; � bi h� � ; � bj j � b0i

=
X

�;b

I � CE (E � + Eb)
N� CE (E )

j� � i h� � j

=
X

�

NB
� CE (E � E � )

N� CE (E )
j� � i h� � j =

X

�

P� j� � i h� � j : (3.79)

In this derivation, I have used the fact that:
X

b

I � CE (E � + Eb) = NB
� CE (E � E � ) ;

in terms of the number of bath states in the micro-canonical shell atE � E � . Moreover, we can
re-express the fullN� CE (E ) as a convolution, as follows:

N� CE (E ) =
X

�;b

I � CE (E � + Eb) =
X

�

NB
� CE (E � E � )

=
Z 1

0
dEs

X

�;b

� (Es � E � ) I � CE (Es + Eb)

=
Z 1

0
dEs

X

�

� (Es � E � )

| {z }

 S (E s )

X

b

I � CE (Es + Eb)

| {z }
N B

� CE (E � E s )

=
Z 1

0
dEs 
 S (Es) NB

� CE (E � Es) ; (3.80)
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where I have introduced themany-body density of statesfor the system eigenvalues:24


 S (Es) =
X

�

� (Es � E � ) : (3.81)

Observe that the weights P� appearing in the mixed state �̂ S are correctly normalised:

X

�

P� =
X

�

NB
� CE (E � E � )

N� CE (E )
= 1 : (3.82)

So far, no approximation was made.

Now the crucial assumption is made that the bath is large, henceNB
� CE (E � Es) ' eSB (E � E s )=kB

is exponentially large, and the integral appearing in Eq. (3.80) will be dominated by themaximum
of the integrand elog 
 S (E s )+ SB (E � E s )=kB � recall the Laplace method discussed in the introductory
lectures �, which occurs at an energy E � such that:

@
@Es

log 
 S (Es)

�
�
�
�
E �

=
1

kB

@
@E

SB (E � E � ) : (3.83)

The energy E � represents theaverage�energy share� that the system gets from the contact with the
large bath, as we have seen in thermodynamics, when discussing equilibrium in presence of a thermal
conduction wall. This exponential dominance implies that the bath entropy can be safely expanded
close toEs = E � and the expansion can be stopped at thelinear order into the deviation Es � E � :

SB (E � Es) = SB (E � E � ) +
1
T

(E � � Es) + � � � (3.84)

becausejE � � Es j � which will span in the end the spectrum of the system S � is very small on the
scale of the energies of the bath (and of the total energyE). Hence, we can re-express, with the usual
shorthand � = 1=(kB T):

NB
� CE (E � Es) ' eSB (E � E s )=kB � eSB (E � E � )=kB e� (E � � E s ) :

Using this approximation we can easily see that:

N� CE (E ) �
Z 1

0
dEs 
 S (Es) eSB (E � E � )=kB e� (E � � E s ) =

Z 1

0
dEs 
 S (Es) e� �E s

| {z }
Z S ( � )

eSB (E � E � )=kB e�E �

= ZS (� ) eSB (E � E � )=kB e�E � : (3.85)

Hence the weightsP� appearing in Eq. (3.79) for �̂ S are simply given by: 25

P� =
NB

� CE (E � E � )

N� CE (E )
�

e� �E �

ZS (� )
;

where

ZS (� ) =
Z 1

0
dEs 
 S (Es) e� �E s =

X

�

e� �E � = Tr S e� � bH S ; (3.86)

is the canonical partition function.

Summarising, the quantum canonical ensemble is de�ned, given the HamiltonianbH of the system
(we omit here the subscript S) as follows:

24 In any �nite quantum system with a discrete spectrum, this quantity would be a sum of very many (indeed exponen-
tially many) Dirac's delta in any �nite energy interval. It is simple to de�ne an appropriate average of it in each
�nite energy interval � E , which involves the (micro-canonical) entropy.

25 Notice that the average reference energy E � and the bath entropy SB (E � E � ) both cancel from the �nal result!
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Quantum CE

8
>>>>>>>><

>>>>>>>>:

hÂi CE (T; X) � Tr
h
Â �̂ CE

i

�̂ CE =
1

ZCE

X

�

e� �E � j� � i h� � j =
e� � bH

ZCE

ZCE =
X

�

e� �E � = Tr e� � bH Thermodynamics
� e� �F (T;X )

: (3.87)

To verify that indeed thermodynamics requires that ZCE = e� �F , let us consider the average energy
E(T; X) = hbH i CE , where X denotes as usual the extensive variables, such as(N; V; � � � ), which are
held �xed. On one hand, the canonical ensemble prescription gives:

E = hbH i CE =
X

�

E �
e� �E �

ZCE

= �
@

@�
logZCE : (3.88)

On the other hand, thermodynamics requires that

E = F + TS = F � T
@F
@T

= F + �
@F
@�

=
@

@�
(�F ) : (3.89)

This shows 26 that indeed logZCE = � �F is the correct thermodynamical identi�cation.

The previous derivation can be repeated almost precisely in the classical case, where the prescrip-
tions for the canonical ensemble read:

Classical CE

8
>>>>>><

>>>>>>:

hAi CE (T; X) �
R

d� A (x) � CE (x)

� CE (x) =
e� �H (x )

ZCE

ZCE =
Z

d� e� �H (x ) Thermodynamics
� e� �F (T;X )

: (3.90)

It is simple 27 to show that the entropy in the canonical ensemble can be given an explicit expression
in terms of �̂ CE as follows:

S(T; X) = � kB hlog �̂ CE i CE � � kB Tr [ �̂ CE log �̂ CE ] = � kB

X

�

P� logP� ; (3.91)

whereP� = e� �E � =ZCE is the Gibbs canonical probability of eachsingle eigenstateof bH . This shows a
clear relationship between the thermodynamical entropy and the Shannon (or von Neumann) entropy.

The previous considerations should remind you of our discussion about Shannon entropy in the
introductory lectures. 28 If we take

S[f P� g] = � kB

X

�

P� logP� ; (3.92)

26 A student was observing that this only �xes the two quantities, up to a temperature-independent function of the
extensive variables X .

27 Use that

�̂ CE =
e� � bH

ZCE
=) log �̂ CE = � � bH � log ZCE ;

which immediately gives the correct thermodynamic relation F = E � T S using hbH i CE = E and log ZCE = � �F .
28 Recall that there we denoted the Shannon entropy as

H [f P� g] = �
X

�

P� log2 P� = � kS

X

�

P� log P� with kS =
1

log 2
:
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to be the expression for the Gibbs-Shannon entropy of the �probability distribution� P� , then max-
imising it in the presence of the normalisation constraint

P
� P� = 1 leads immediately to the micro-

canonical distribution:

� CE

8
>>>>>>><

>>>>>>>:

P� =
I � CE (E � )

N� CE

N� CE (E ) =
X

�

I � CE (E � )

S(E; X) = kB logN� CE (E ) :

: (3.93)

In the canonical ensemble, the Gibbs-Shannon entropy distribution is maximised with the additional
constraint that the average energy is �xed to be:

E =
X

�

E � P� : (3.94)

A simple calculation with the help of the Lagrange multiplier technique 29 show that the corresponding
maximum for the total entropy now gives the canonical ensemble distribution:

CE

8
>>>>>>>><

>>>>>>>>:

P� =
e� �E �

ZCE

ZCE =
X

�

e� �E �

S(T; X) = � kB

X

�

P� logP� :

: (3.97)

3.4. Probability distributions of observables in the canonical
ensemble

The fact that you can calculate the expected values, and even the probability distributions, of
observables that are beyond the realm of thermodynamics is one of the great advantages of the
statistical approach.

29 We introduce two Lagrange multipliers, � and � , and calculate the maximum of

S[f P� g; �; � ] = S[f P� g]=kB � �

 
X

�

P� � 1

!

� �

 
X

�

P� E � � E

!

:

The derivatives with respect to the multipliers, when set to 0, impose the constraints, as usual. The derivative with
respect to P� leads to:

� log P� � 1 = � + �E � =) P� =
e� �E �

e1+ �
:

Normalisation requires that

e1+ � =
X

�

e� �E � def
= Z (� ) : (3.95)

Finally, a simple calculation shows that the constraint on E simply reads:

E =
X

�

P� E � =
1

Z

X

�

E � e� �E � = �
1

Z

@Z

@�
= �

@log Z

@�
: (3.96)
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Beware of misunderstanding the Boltzmann weights. One common misunderstanding is
to believe that P� = e� �E � =ZCE represents the probability of observing an energyEs � E � , while
the correct interpretation is that P� is the probability of observing the single eigenstatej� � i of
energy E � . In the classical framework, this would be similar to thinking that the probability
of energy Es is e� �E s =ZCE , while you know that the latter is simply the probability density
� CE (x) = e� �H (x ) =ZCE in phase space, and a huge volume of phase space, which we should account
for, shares the �same microcanonical� energyEs = H (x). In the Bernoulli trials with random
strings of bits discussed in the introductory lectures, it would be similar to misunderstanding the
probability of a single string, with the probability of strings having a certain number of 0s and
1s, which include large combinatorial � entropy related � factors.

!

Classically, you would indeed say that:

ProbH (Es) =
Z

d� � (H (x) � Es) � CE (x) =
Z

d� � (H (x) � Es)
e� �H (x )

ZCE

=
Z

d� � (H (x) � Es)
e� �E s

ZCE

= 
( Es)
e� �E s

ZCE

/
e� � (E s � T S (E s ;X ))

ZCE

; (3.98)

where 
( Es) is the micro-canonical phase space density, which is connected to the micro-canonical
entropy. We will return to this point further below.

Notation. Observe that Es in the expressionProbH (Es) should be intended as the variable
for the probability distribution, rather than the thermodynamical internal energy E(T; X) which
represents theaverageof the distribution:

E(T; X) =
Z + 1

�1
dEs Es ProbH (Es) : (3.99)

!

A similar reasoning would apply to any classical observableA(x) � for instance, the kinetic energy
K (p) or the potential/interaction energy V (q) � which has a probability distribution:

ProbA (a) =
Z

d� � (A(x) � a) � CE (x) =
Z

d� � (A(x) � a)
e� �H (x )

ZCE

; (3.100)

where, as you see, the quantity cannot be expressed simply in terms of the micro-canonical entropy.

Nevertheless, because momenta and positions are decoupled inH (x) = K (p) + V (q), and that
the kinetic energy is quadratic in the di�erent momenta, it is relatively straightforward to calculate
probability distributions involving only the velocity: you just have to perform Gaussian integrals. The
well-known Maxwell distribution for the classical velocity comes from a similar calculation. A similar
calculation for the probability distribution of the total kinetic energy K (p) will show that the average
kinetic energy is exactly given by:

hK i CE = N
d
2

kB T ; (3.101)

with a Gaussian probability distribution around the average which satis�es precisely the law of large
numbers. Both are exact resultsat the classical level, independent of all interactions,30 as you will
learn from one of the problems proposed at the end of this Chapter.31 The practical utility of the
result on the average kinetic energy is quite relevant: in anNV E molecular dynamics simulation, you
will be able to �measure� temperature by the average kinetic of your particles, as sketched in Fig. 3.10

30 The miracle is restricted to classical statistical mechanics. In the quantum case momenta and coordinates do not
commute and the probability distributions of the momenta depend in general on the interactions.

31 In school you often hear about these results in the context of ideal gases: they are much more general than that.
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Figure 3.10: A sketch of the be-
haviour versus simulation time of a
the kinetic energy of a classical system
obeying Newton's equations, in the
so-called NV E ensemble, where these
variables are �xed. Kinetic energy
�uctuates around an average given by
3Nk B T=2, while the total energy E
is (in principle, at least) exactly con-
served.

As you see, the probability distributions involve a nasty Dirac's delta, which might be painful to
handle. One common trick is to consider theFourier transform of the probability distribution:

gA (k) =
Z

da e� ika ProbA (a) =
Z

d� e� ikA (x ) e� �H (x )

ZCE

; (3.102)

which might be easier to handle. Notice that gA (k) generates all themoments of the distribution
ProbA (y) by taking derivatives:

dn

dkn gA (k)

�
�
�
�
k=0

= ( � i )n
Z

d� A n (x)
e� �H (x )

ZCE

= ( � i )n hAn i CE : (3.103)

For this reason gA (y) is known asmoment generating function.

Quantum observables. Let us now turn to the quantum case. If we have an observable repre-
sented by a Hermitian operator Â, von Neumann tells us that each individual measurement will give
one of the possible eigenvaluesa of Â. By writing the spectral representation of Â as:

Â =
X

a

a b� A
a ; (3.104)

where b� a is the projector 32 on the (possibly degenerate) subspace of eigenvectors associated toa,
then you know that for a pure state j i , the probability of measuring the eigenvaluea is, according
to von Neumann:

h j b� A
a j i =

daX

j =1

jh� a;j j ij 2 = Tr
�

b� A
a j ih j

�
: (3.106)

Hence, by linearity, for a state prepared according to the density matrix �̂ CE you would predict that
the probability of measuring the single eivenvaluea is

Pa = hb� A
a i CE = Tr

�
b� A

a �̂ CE

�
=

X

�

h� � j b� A
a j� � i

e� �E �

ZCE

: (3.107)

32 If j� a;j i are eigenstates of Â associated to eigenvalue a, with a possible degeneracy j = 1 � � � da , then

b� A
a =

daX

j =1

j � a;j ih� a;j j : (3.105)
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Distribution and average of a quantum observable. This tells us that

ProbÂ (x) =
X

a

� (a � x) Pa =
X

a

� (a � x) Tr
�

b� A
a �̂ CE

�
; (3.108)

and, correspondingly

hÂi CE =
Z

dx x ProbÂ (x) =
X

a

aPa = Tr
�

Â �̂ CE

�
: (3.109)

i

In the particular case in which you consider the total energy,Â = bH , since P� = Tr
�

b� E � �̂ CE

�
is

precisely the probability of observing the eigenstate with energyE � � which we assume here to be
non-degenerate � we deduce that:

ProbĤ (Es) =
X

�

� (E � � Es)P� =
X

�

� (E � � Es)

| {z }
def
= 
( E s )

e� �E s

ZCE

= 
( Es)
e� �E s

ZCE

: (3.110)

As you seeProbĤ (Es) di�ers from e � �E s =ZCE by the (exponentially) large factor 
 S (Es), which is
indeed related to the entropy. More about this in the next section.

3.4.1. Fluctuations of energy in the canonical ensemble

As we have seen, energy is not �xed in the canonical ensemble. TheaverageenergyE(T; X) can be
directly calculated from the canonical partition function:

E(T; X) = hbH i CE =
P

� E � e� �E �

ZCE

= �
@logZCE

@�
: (3.111)

We can go beyond that, and calculate thesecond cumulantby taking a further derivative of logZCE :

@2 logZCE

@�2
=

@
@�

P
� (� E � e� �E � )

ZCE

=

P
� E 2

� e� �E � ZCE � @ZCE
@�

P
� (� E � e� �E � )

Z 2
CE

=
P

� E 2
� e� �E �

ZCE

�
P

� (� E � e� �E � )
ZCE

P
� (� E � e� �E � )

ZCE

= hbH 2i CE � h bH i 2
CE = h( bH � h bH i CE )2i CE � 0 :

The variance is the speci�c heat. This immediately shows that the variance of the energy
distribution is related to the speci�c heat at constant (V;X): a

� 2
E = hbH 2i CE � h bH i 2

CE = �
@E
@�

= kB T2 @E
@T

= kB T2Cv : (3.112)

a Recall that Cv � 0 was a requirement for thermodynamics stability. Here we see that, as a consistent check, its
positivity emerges from the statistical relationship with the variance of the energy probability distribution.

i

The relationship @E
@T = Cv � perhaps very intuitive from your basic notions of thermodynamics �
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can be formally derived 33 from the de�nition

Cv (T; V;X) = T
@S
@T

�
�
�
�
V;X

=
@E
@T

�
�
�
�
V;X

; (3.113)

by using F = E � TS, S = � @F
@T. Notice that, since Cv and E are both extensive, Cv / N , this

implies that the relative �uctuations of the energy decrease as1=
p

N in the thermodynamic limit,
unless the speci�c heatdiverges(which can happen at second-order phase transition points):

� E

E
/

1
p

N
:

I remind you that 1=
p

N implies an amazing relative accuracy ifN is of the order of the Avogadro
number � 1024: you measure energy to the fantastic accuracy of one part in10� 12. We observe that
the fact that the speci�c heat is proportional to the variance of the energy provides a practical way
of calculating Cv from simulations, for instance by Monte Carlo.

But we can go even beyond that and argue that, in the thermodynamic limit, the full probability
distribution of the energy goes � in a way entirely reminiscent of the law of large numbers � towards
a Gaussian distribution centred at the average thermodynamic energyE(T; X) and of width � E , as
given above in terms of the speci�c heatCv . To see this, I start from the basic de�nition for the
distribution of energy in Eq. (3.110), using the notation Es for the variable of the distribution to
distinguish it clearly from the thermodynamical energy:

ProbĤ (Es) =
X

�

� (Es � E � )P� = 
( Es)
e� �E s

ZCE

/
e� � (E s � T S (E s ))

ZCE

; (3.114)

where I used the fact that the many-body density of states 
( Es), according to the Boltzmann
hypothesis, is proportional to the micro-canonical entropy S(Es; X), i.e., 
( Es) / eS(E s )=kB . The
maximum of ProbĤ (Es) is readily calculated by setting the derivative of Es � TS(Es) to zero: 34

0 =
@

@Es
(Es � TS(Es; X)) = )

1
T

=
@S
@Es

�
�
�
�
E s = E (T;X )

:

Hence the maximum ofProbĤ (Es) is indeed atEs = E(T; X). Let us de�ne �E = Es � E (T; X) to be
the deviation of Es from the average. Expanding the distribution close to the maximum we get the
Gaussian form: 35

ProbĤ (Es) '
1

p
2�k B T2Cv

e
� ( E s � E ) 2

2k B T 2 C v : (3.115)

33 Indeed:
@E

@T
=

@F

@T
+

@(T S)

@T
= � S + S + T

@S

@T
= T

@S

@T
:

34 Note that the maximum is precisely located at the reference energy E � we have discussed in Eq. (3.83).
35 Notice that the expansion of the entropy S(E + �E ) gives:

S(E + �E ) = S(E ) +
1

T
(�E ) +

1

2

@2S

@E2
(�E )2 + � � �

Next, you can show that
@2S

@E2
=

@

@E

�
1

T

�
= �

1

T 2

1
@E
@T

= �
1

T 2

1

Cv
:

Imposing normalisation, or equivalently by setting P (Es ) = e� � ( E s � T S ( E s ))

Z CE
with the partition function given by

ZCE =
Z

dEs e� � ( E s � T S ( E s )) ;

and calculating the latter integral including the gaussian �uctuations, you end up with the expression in Eq. (3.115).
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3.5. Revisiting thermodynamics: entropy, heat and work

If we are given the Hamiltonian bH of a system, the canonical ensemble average energy is simply
E = hbH i CE . Thermodynamics tells us that this should be intended as a function ofT and of a set of
extensive variablesX which directly appear in the Hamiltonian bH (X ) as �parameters� 36, for instance
the volume V or the particle number N . As a consequence, the eigenvalues ofbH , as well as the Gibbs
occupations factorsP� = e� �E � =ZCE , have to be intended to depend ofX: E � (X ), P� (T; X), with the
further constraint that X

�

P� (T; X) = 1 : (3.116)

The same comments would apply to the classical canonical ensemble, but the calculations are a bit
easier in the quantum case, where we can express averages in terms of sums over eigenstates rather
than integrals in phase space. So, let us use quantum formalism.

SinceE(T; X ) =
P

� E � P� you immediately conclude that its di�erential should be given by:

dE =
X

�

E � dP�

| {z }
d� Q= T dS

+
X

�

P� dE �

| {z }
d� W

= d� Q + d� W : (3.117)

We want to give now meaning to the two terms which is the one suggested in the brace below the
two parts, i.e., heat and work, as sketched in Fig. 3.11. Before doing that, be aware of the fact that

Figure 3.11: The (microscopic) sta-
tistical interpretation of Heat and
Work. In the text, En ; Pn are de-
noted as E � ; P� . Figure taken from
Arovas [1].

the natural variables for E would be E(S;X), while (T; X) are the natural variables for the Helmholtz
free-energyF (T; X) = E � TS. Hence, we should be careful in the interpretation of the work-related
part, see discussion below.

To show this, let us start from the canonical entropy. As we saw above, we can write:

S(T; X) = � kB

X

�

P� logP�

+

dS = � kB

X

�

�
(log P� ) dP� +

P�

P�
dP�

�
= � kB

X

�

(log P� ) dP�

= � kB

X

�

(� �E � � logZCE ) dP� =
1
T

X

�

E � dP� :

(3.118)

36 Or, in some cases, operators, which would complicate our description a bit. For a magnetic system, you would have
the total magnetisation operator appearing in bH , coupled to the (intensive) magnetic �eld.
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where we have used (twice) the fact that
P

� dP� = 0 since the probability is normalized. Hence, we
see that the �rst term in dE is indeedTdS, the in�nitesimal heat transfer: it is related to a change
in the populations P� of the eigenstates.

Now we turn to the second (work-related) term:

X

�

P� dE � =
X

�

P�

X

i

@E�
@Xi

dX i =
X

�

P�

X

i

h� � j
@bH
@Xi

j� � i dX i =
X

i

�
@bH
@Xi

�

CE| {z }
f i (T;X )

dX i ;

where we have invoked Hellmann-Feynman theorem and de�ned the generalised canonical-ensemble
forces:

f i (T; X) =
�

@bH
@Xi

�

CE

6=
@E(T; X)

@Xi
: (3.119)

Observe that, quantum mechanically, we would need to calculate here the average of theforce operator,
and not the derivative of the averageE(T; X). You might think that this is due to quantum mechanics.
Not at all: 37 this is just thermodynamics of Legendre transforms! What we have derived is an
expression fordE in the �wrong variables� (T; X):

dE = TdS +
rX

i =1

f i (T; X) dX i where f i (T; X) 6=
@E(T; X)

@Xi

�
�
�
�
T

;

where we remarked that the iso-thermal (intensive) forcesf i (T; X) are not given by the corresponding
derivatives of E(T; X). On the contrary, if we were using the �right variables� (S;X) we would write
the di�erential of E as:

dE = TdS +
X

i

f i (S;X) dX i with f i (S;X) =
@E(S;X)

@Xi

�
�
�
�
S

: (3.121)

The reason why f i (T; X) are not derivatives of E(T; X) is that in our derivation we performed iso-
entropic derivatives since we kept the weightP� and hence the canonical distribution�xed and calcu-
lated the average of thederivative of the Hamiltonian. We show below that the relevant derivatives
are ultimately given by the derivatives of the free-energy: 38

f i (T; X) =
�

@bH
@Xi

�

CE

=
@F(T; X)

@Xi
: (3.123)

Indeed, we can verify 39 that the f i (T; X) which appeared in our previous derivation are simply a
�swift way� of writing the iso-entropic forces in the canonical variables (T; X):

f i (T; X) = f i (S(T; X); X) =
@F(T; X)

@Xi
: (3.125)

37 Classically, you would write the same expression as:

f i (T; X ) =
�

@H

@Xi

�

CE

6=
@E(T; X)

@Xi
: (3.120)

38 Obviously, the di�erential of the free-energy would directly involve the f i (T; X ):

dF = � SdT +
X

i

f i (T; X ) dX i : (3.122)

39 To verify these statements, reconsider the derivatives @X i E (T; X). From thermodynamics, we know that E (T; X) =
E (S(T; X); X ), hence:

@E(T; X)

@Xi
=

@E(S(T; X); X )

@Xi

�
�
�
�
S

+ T
@S(T; X)

@Xi
;

where the �rst derivative is intended at �xed S (iso-entropic derivative) and we have used the fact that T = @E
@S. On

the other hand, from the canonical ensemble, we have, as outlined above, E (T; X) =
P

� E � P� hence the derivative
has indeed two terms:

@E(T; X)

@Xi
=

X

�

@E�
@Xi

P�

| {z }
f i ( T; X )

+
X

�

E �
@P�
@Xi

:
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Notice also that you might be a bit suspicious in attributing a meaning to the number derivative
operator @bH

@N, while no di�culty is encountered if you interpret this force (the chemical potential)
through thermodynamics:

� (T; X; N ) =
�

@bH
@N

�

CE

�
@E(S(T; X; N ); X; N )

@N

�
�
�
�
S

=
@F(T; X; N )

@N
: (3.126)

3.6. Problems

Problem 3.1. Consider a classical system subject to the Hamiltonian

H (x) = K (p) + V (q) =
NX

j =1

p2
j

2m
+ V(q) ;

where V (q) is an arbitrary one-body and two-body potential depending on the coordinatesq of all
particles. Assume that the system is ind dimensions, for instance withd = 1 ; 2; 3.

a) Calculate the probability distribution of the momentum p j and of the velocity modulus jv j j by a
direct integration of the Dirac's delta.

b) Repeat the previous calculations by using the corresponding moment generating function and
performing the Gaussian integrals.

c) Calculate the probability distribution of the total kinetic energy K (p) by using the moment gen-
erating function. What happens for N ! 1 ?

Problem 3.2. Consider asingle free quantum particle in a cubic box of volumeV = L d in d dimen-
sions. Calculate the canonical probability distribution at temperature T for the momentum p̂ and the
kinetic energy.

From the canonical entropy S(T; X) = � kB
P

� P� log P� we immediately see (repeating some of the previous steps)
that the second term above is precisely the entropic contribution to the force:

T
@S(T; X)

@Xi
= � kB T

X

�

@P�
@Xi

log P� �
X

�

E �
@P�
@Xi

:

Hence we conclude that the generalised canonical-ensemble force is indeed the correct iso-entropic force rewritten in
the canonical variables:

f i (T; X ) =
�

@bH

@Xi

�

CE

�
@E(S(T; X); X )

@Xi

�
�
�
�
S

=
@F(T; X)

@Xi
; (3.124)

where we have used the fact that the iso-entropic derivative of E is just the derivative of the Helmholtz free-energy
(recall the Legendre transform of derivatives).
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4. Simple applications of Statistical
Mechanics

We will consider here simple applications of the SM techniques to exactly solvable models. In
classical physics, we have particles or waves. In quantum physics, particles have a statistics, they
are fermions or bosons; waves, in turn, lead usually to a bosonic description. There is a di�erence,
however, between ordinary bosonic particles like, e.g., He4 or Rb87, and the bosons appearing from
the quantisation of waves (like photons, phonons, etc.): essentially the latter do not have a conserved
particle number, which means that you do not have a chemical potential, i.e., you can always put
� = 0 . We begin with them, before discussing quantum ideal gases of fermions and bosons.

4.1. The quantum harmonic oscillator

Consider a quantum particle in a harmonic potential in one dimension:

bH =
P̂2

2M
+

1
2

M! 2X̂ 2 : (4.1)

You probably know very well how to �nd the spectrum and the eigenstates of this problem from
standard quantum mechanics courses. I give here a brief recap of the algebraic solution. To start
with, we switch to dimensionless variables by de�ning a unit of length l , the so-calledoscillator length,
such that:

~2

2Ml 2 =
1
2

M! 2l2 =) l =

r
~

M!
:

Using dimensionless lengthx̂ = X̂=l and momentum p̂ = P̂ l=~, with commutator [x̂; p̂] = i (i.e.,
e�ectively as if ~ = 1 ), we rewrite the Hamiltonian as: 1

bH =
~!
2

�
p̂2 + x̂2�

: (4.2)

De�ne now the pair of Hermitian conjugate operators: 2

8
<

:

â = 1p
2

(x̂ + i p̂)

ây = 1p
2

(x̂ � i p̂)
=)

8
<

:

x̂ = 1p
2

�
â + ây

�

p̂ = 1p
2i

�
â � ây

� : (4.4)

The commutator of â and ây is immediately calculated, [â; ây] = 1 , and the Hamiltonian reads:

bH = ~!
�

âyâ +
1
2

�
: (4.5)

1 It is now clear that this procedure is totally equivalent to setting M = 1 , ! = 1 , ~ = 1 . Summarizing, we measure
lengths in units of l , masses in units of M , energies in units of ~! , momenta in units of ~=l, times in units of
~=(~! ) = 1 =! , etc.

2 In x-representation, both are quite simple operators:

â =
1

p
2

�
x +

d

dx

�
and ây =

1
p

2

�
x �

d

dx

�
: (4.3)
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Let us start �nding a state j� 0i which is annihilated by â, i.e. such that: 3

âj� 0i = 0 :

Evidently, j� 0i is an eigenstate of bH with eigenvalue ~!= 2. It is very simple to realize 4 that j� 0i is
the ground state of bH . Consider now the number operator n̂ = âyâ, and construct the obtained by
applying n operators ây to j� 0i ,

j� n i =

�
ây

� n

p
n!

j� 0i ; (4.6)

which turn out to be the eigenstates of bH . You can show 5 that these are eigenstates of̂n with
eigenvaluen:

n̂j� n i = nj� n i :

Based on this we realize that

bH j� n i = ~!
�

n +
1
2

�
j� n i = En j� n i :

It is easy to show 6 that â and ây allow us to move up and down in the ladder of statesj� n i :
ây j� n i =

p
n + 1 j� n +1 i and âj� n i =

p
nj� n � 1i .

Notation. You often �nd jni in place of j� n i and j0i in place of j� 0i . The state j0i is called
the vacuum of â. â and ây are known asdestruction and creation operators, respectively.

i

Let us now calculate the properties of a single oscillator at temperatureT in the canonical ensemble,
7 described density matrix 8

�̂ CE =
X

n

Pn j� n ih� n j =
1
Z

e� � bH ; (4.7)

where Pn = e� �E n =Z, � = ( kB T) � 1, Z =
P

n e� �E n is the partition function, and fj � n ig denote the
energy eigenstates ofbH . Let us start by calculating the canonical partition function Z :

Z =
1X

n =0

e� � ~! (n + 1
2 ) = e� � ~!= 2

1X

n =0

�
e� � ~! � n

=
e� � ~!= 2

1 � e� � ~! ; (4.8)

where the result follows from a simple geometric series. FromZ , the Helmholtz free energyF follows
immediately:

F = �
1
�

logZ =
~!
2

� kB T log
1

1 � e� � ~! : (4.9)

3Such a state has a simple expression in x-representation, � 0 (x) = hxj� 0 i , since it obeys the equation:

1
p

2

�
x +

d

dx

�
� 0 (x) = 0 = )

d

dx
� 0 (x) = � x� 0 (x) ;

which is solved by � 0 (x) = Ce� x 2 =2 , where C a normalisation constant.
4Simply observe that given any state j i , the expectation value of ây â satis�es h jây âj i = jj âj ijj 2 � 0.
5One can prove this by recursion, or (better) by using that [a;

�
ây

� n ] = n
�
ây

� n � 1 .
6One can show, by recursion and using [â;

�
ây

� n ] = n
�
ây

� n � 1 , that h� 0 jân âyn j 0 i = n!. From that we deduce that

the correctly normalized states are j� n i = ( ây ) n
p

n !
j � 0 i .

7Notice that here the volume V does not appear (the potential itself con�nes the particle) and the number of particles
N is also missing, since N = 1 .

8Observe that we are applying the statistical mechanics to a single oscillator . The results that we calculate describe
the statistical behaviour of an ensemble of di�erent realizations of such a single oscillator in contact with a large
bath at temperature T .
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From F , you calculate immediately S, E , and the speci�c heat Cv . 9

S = �
@F
@T

= kB log
1

1 � e� � ~! + kB
� ~!

e� ~! � 1

E = F + TS =
~!
2

+
~!

e� ~! � 1
� ~!

�
ĥni +

1
2

�
�

X

n

En Pn

Cv = T
@S
@T

=
@E
@T

= kB
(� ~! )2 e� ~!

(e� ~! � 1)2

: (4.11)

One thing that is worth noticing is the role played by the average occupation numberĥni , which we
can extract directly from E:

ĥni = ĥayâi =
1X

n =0

nPn =
1

e� ~! � 1
� f B (~! ) ; (4.12)

where we have introduced the Bose-Einstein distribution functionf B . 10

Figure 4.1 illustrates the temperature dependence of various physical quantities. Notice the limit
T ! 0, where the peculiar quantum behaviour shows up, as opposed to the classical regime where
kB T � ~! . Notice in particular that E approaches a constant value~!= 2 for T ! 0, due to quantum
�uctuations (zero-point motion).

The exponential suppression of Cv . Correspondingly, the speci�c heat is exponentially
suppressed:

Cv � kB

�
~!

kB T

� 2

e� ~!=k B T for T ! 0 : (4.13)

This exponential suppression ofCv for ~! > k B T � the quantum regime for the oscillator � is
at the root of the T3 low-temperature law for the speci�c heat of solids, or of theT4 behaviour of
the total energy E(T) = aT4 of the black-body problem. Both are related to a density of states
g(! ) / ! 2 for low ! , as we will later show.

i

For kB T � ~! , E approaches the classical equi-partition resultEcl = kB T and correspondingly,
the speci�c heat approaches the Dulong-Petit value ofkB . Worth noticing is the behaviour of the
entropy S, 11 which clearly shows the inadequate description of the low-temperature regime, where
Scl becomesnegativeand, correspondingly, the free-energy has a wrong slope: it increases withT.

9The corresponding classical calculations require simple Gaussian integrals to be performed. You readily �nd that
Z = kB T=(~! ), where ~ appears because of the factor h which normalises the phase-space volume. Hence, you
derive immediately that:

F = �
1

�
log Z = � kB T log

kB T

~!

S = �
@F

@T
= kB

�
1 + log

kB T

~!

�

E = F + T S = kB T

Cv = T
@S

@T
=

@E

@T
= kB

(4.10)

10 Notice that at high temperature you have

ĥni =
kB T

~!
�

1

2
+ � � �

where the sub-leading constant term � 1=2 cancels precisely the zero-point �uctuation term in the energy.
11 Observe that the correct (quantum) entropy is not a concave function of T . The requirement of concavity applies to

S(E; X), and not to the canonical ensemble entropy.
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Figure 4.1.: Plot of E=(~! ), S=kB , Cv =kB and F=(~! ) for a quantum harmonic oscillator. The dashed lines
are the predictions obtained with the classical canonical ensemble.

4.2. Transverse vibrations of a string

As an illustration of how to deal with waves, consider a guitar string, which we idealize as an elastic
object of total mass M , length L � hence mass-per-unit-length � 0 = M=L � which is capable of
sustaining forces along the tangent: the familiartension � of the string. A standard application of
Newton's equation F = ma starts from an element � x of the string, whose shape you imagine to be
given by a function Y(x; t ) at time t. In general, the tension � varies when the string is deformed:
given the shape, you can think that at each point (for the deformations realized in the string) there
is some tension� (x). According to Newton's equation, the total force along they direction acting on
a certain section [x0; x0 + � x] should be equal to the mass times the acceleration of the section. On
the other hand, the forces are due to the opposite tensions (in general, di�erent) at the two endpoints
(see Fig. 4.2). Hence:12

(ma)y = � 0� x
@2Y
@t2

�
�
�
x 0

Fy = � (x0 + � x)
@Y
@x

�
�
�
x 0 +� x

� � (x0)
@Y
@x

�
�
�
x 0

� � x
@

@x

�
� (x)

@Y
@x

� �
�
�
x 0

+ � � � (4.14)

Dividing by � x and omitting any reference to x0 we end up writing:

� 0
@2Y
@t2

=
@

@x

�
� (x)

@Y
@x

�
: (4.15)

12 Notice that we have neglected gravity (which would give a contribution proportional to g� 0 � x) as well as possible
other sources of forces, including dissipation, etc. Notice also that the length of the section has, due to Pitagora,
an extra factor

p
1 + ( @Y =@x)2 which however cancels with a diminished linear mass density � (x) in such a way

that the mass of the section is roughly the original unstretched one � 0 � x . Observe also that we assume that the
derivatives @Y

@x are small, so that we can substitute sin � � tan � = @Y
@x in calculating the y-component of the tension

forces.
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Now the crucial approximation consists in assuming that � (x), no matter what the shape and the
stretching of the string is, is roughly given by the tension at rest � 0, which you can then take out of
the derivative, writing �nally the familiar wave equation: 13

� 0
@2Y
@t2

= � 0
@2Y
@x2

=)
1
v2

@2Y
@t2

=
@2Y
@x2

; (4.16)

where v =
p

� 0=� 0 =
p

� 0L=M . 14 Guitar or violin strings are held �xed at two points, x = 0 and

Figure 4.2: How to derive the wave equation for a
string.

x = L : the resulting waves are necessarily con�ned.Con�nement is crucial to have resonances at
sharply de�ned frequencies.15

Let us �solve� the wave equation. First, we look for factorized solutionsYm (x; t ) =  m (x)bm (t),
where  m (x) is dimensionless andbm is a length, m being the index for the di�erent solutions (see
below). Substituting this Ansatz in the wave-equation we get:

 00
m (x)

 m (x)
=

1
v2

•bm (t)
bm (t)

� � k2
m :

The last step follows from the fact that the left-hand is a function of x, while the central piece is a
function of t, hence both must be a real constant, which must be alsonegative, � k2

m , otherwise bm (t)
would blow up. Hence we arrived at:

8
>><

>>:

d2 m

dx2 + k2
m  m (x) = 0

d2bm

dt2 + ! 2
m bm (t) = 0

; (4.19)

13 A more realistic modelling would consist in assuming that the tension changes when the string is locally stretched, for
instance assuming some Hook's type of elastic relationship. This brings, inevitably, non-linearities to the problem.
Such non-linearities are quite amusing, and can even bring to instabilities in the vibration of the string: beyond a
certain amplitude, the string has a natural tendency to �rotate� even if you drive it perfectly in a plane.

14 For a two-dimensional membrane, Z (x; y; t ), a similar derivation would gives as a wave equation of the form

1

v2

@2Z

@t2
=

@2Z

@x2
+

@2Z

@y2
= r 2Z ;

where v =
p


 0=� 0 where 
 0 is the surface tension (a force per unit length) and � 0 is the mass-per-unit-area of the
membrane.

15 Imagine you have an in�nite string obeying the wave equation in Eq. (4.16). Now you put a driving force localized at
some point x0 and with a given frequency ! 0 . The equation you would write (omitting, again, any dissipation) is:

@2Y

@t2
� v2 @2Y

@x2
= F � (t )� (x � x0 ) ; (4.17)

where F � (t ) = A [� (� t )e�t + � (t )] sin ( ! 0 t ). So, A is the amplitude of the forcing, and a regularising factor � , which
is send to � ! 0 at the end of the calculation, has been included to account for an �adiabatic switching-on� of the
forcing. The problem can be solved by Fourier transforms and some complex plane integration to give:

Y (x; t ) =

(
� A

2! 0 v cos
� ! 0

v (x � x0 + vt )
�

for x < x 0

� A
2! 0 v cos

� ! 0
v (x � x0 � vt )

�
for x > x 0

: (4.18)

As you see, simply a wave moving to the right and the left of the perturbation, but without any resonance: ! 0 can
be anything you want.
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where ! m = vkm . We see that the spatial part  m (x) obeys a Helmholtz equation in one-dimension:

(r 2 + k2) (x) = 0 : (4.20)

The boundary conditions are such that not all values of k are possible: recall the bound states of a
free Schrödinger particle in a box? It is the same problem!

Schrödinger particle in the box. Recall that Ek = ~2k2=(2m) for a free particle, and

�
~2

2m
r 2 = Ek  (x) =) (r 2 + k2) (x) = 0 ; (4.21)

with boundary conditions  (0) =  (L ) = 0 .

i

Only the dispersion, i.e., the relationship between! k and k is di�erent: for the wave equation, it
is linear, ! k = vk, while the Schrödinger equation islinear in time , i~@t  (x; t ) = ( � ~2

2m r 2) (x; t ),
henceEk = ~2k2=(2m). As expected, adiscretespectrum naturally emerges from con�nement, like for
the Schrödinger problem. In the present case, for each values ofk there are two possible degenerate
solutions eikx and e� ikx or, equivalently, sin (kx) and cos (kx), but the only solutions which satisfy
the boundary conditions are x = 0 and x = L are evidently: 16

 m (x) =
p

2 sin (km x) with km =
m�
L

for m = 1 ; 2; � � � (4.22)

and the corresponding angular frequencies are therefore! m = vkm = vm�=L , or:

f m =
! m

2�
= m

v
2L

= mf 1 ; (4.23)

while the wave-lengths are� m = 2 �=k m = 2L=m. 17

But beware from thinking that, due to the analogy with the Schrödinger particle in a box, this
problem has any quantum mechanics: it is simply a classical wave that we are describing! How can
quantize it? Why should quantize it? The why is simple: nature is quantum. You do not see quantum
e�ects in the string of your guitar, simply because you are usually not in the quantum regime. But if
the �string� was a nanotubesuspended between two points at nanoscale distances, or one of the many
other nano-mechanical devices that people have learned to build and control, then quantum e�ects
would emerge immediately! So, let us concentrate on thehow we quantize a classical wave equation.
The trick is, essentially, to look for harmonic oscillators, and quantize them in the usual way: waves
are just complicated harmonic oscillators!

16 Notice the non-standard normalization, with respect to the Schrödinger problem: we here assume that

h m j m 0i =
Z L

0
dx  �

m (x) m 0(x) = L� m;m 0 :

The reason for this is that we want the  m (x) to be dimensionless, in such a way that the bm has the same dimension
as Y , i.e., a length.

17 In music, f 1 is the fundamental frequency of the string, while f 2 , f 3 , etc. are higher harmonics . For the musicians
among you: If f 1 is a C (DO, in italian), call it C(1), then f 2 is C(2) (the octave above), f 3 is a G(2) (SOL, in
italian, in the second octave), f 4 is C(3) (a still higher octave), f 5 is E(3) (MI, in italian, in the third octave), etc.
As you see, the harmonics of C have C-E-G (Do-Mi-Sol) in their �body�: that is the physical reason behind the
�consonance� inside a major triad chord. If you repeat a similar exercise for a two-dimensional elastic membrane
held �xed by a ring, a drum, you would discover that the frequencies of the drum are not simple multiples of the
fundamental frequency, but rather come from �nding the zeroes of Bessel functions, obtained by separating variables
for the Helmholtz equation in circular coordinates: it is much harder to play the drum, from this point of view! And
if the drum had a stadium shape, you would not be able to solve the Helmholtz equation at all, except for numerical
solutions: no separation of variables is possible; stadium-shaped billiards are the arena for the simplest examples of
quantum chaos.
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Indeed, we have already found the relevant oscillators: you see that the equation forbm is simply
•bm = � ! 2

m bm . All we need is to decide who is the �coordinate� and who is the �momentum�. We will
soon see that the �coordinate� isQm = bm , and the corresponding �momentum� Pm = M _bm . To do
that, let us write the �total energy� of the string, in the continuum limit:

H =
� 0

2

Z L

0
dx (@t Y)2 +

� 0

2

Z L

0
dx (r Y )2

=
1

2� 0

Z L

0
dx � 2 +

� 0

2

Z L

0
dx (r Y )2 ; (4.24)

where you should observe that I written the kinetic energy in term of the momentum-per-unit-length:

�( x; t ) = � 0@t Y ;

while the second term is the potential energy associated to the stretching of the string.18 Now, let
us expandY and � in terms of eigenmodes:

Y (x; t ) =
X

m

 m (x)bm (t) =) �( x; t ) = � 0@t Y = � 0

X

m

 m (x) _bm (t) �
1
L

X

m

 m (x) Pm ;

where we have de�nedPm = L� 0
_bm = M _bm . Using the orthogonality of the  m (x), h m j m 0i =

L� m;m 0, it is simple to rewrite the kinetic energy as:

1
2� 0

Z L

0
dx � 2 =

1
2M

X

m

P2
m ;

Similarly, the potential energy, after integration by parts 19 and using againh m j m 0i = L� m;m 0, can
be rewritten as:

� 0

2

Z L

0
dx (r Y )2 =

� 0

2

Z L

0
dx Y (�r 2Y) =

M
2

X

m

! 2
m Q2

m

where Qm = bm . Hence the classical Hamiltonian can be rewritten in terms of the eigen-mode
coordinatesQm = bm and momenta Pm = M _bm as:

H =
1

2M

X

m

P2
m +

M
2

X

m

! 2
m Q2

m : (4.25)

This is the expression in terms of harmonic oscillators we were looking for, whose quantisation is now
obvious: 20

bH =
1

2M

X

m

P̂2
m +

M
2

X

m

! 2
m Q̂2

m =
X

m

~! m

�
ây

m âm +
1
2

�
: (4.26)

18 It is worth mentioning that the continuum wave-equation might be derived from the Euler-Lagrange equations

d

dt

�L

� _Y
=

�L

�Y
;

for the Lagrange functional

L [Y; _Y ] =
� 0

2

Z L

0
dx (@t Y )2 �

� 0

2

Z L

0
dx (r Y )2 :

This leads to the de�nition of � as canonical momentum:

� =
�L

� _Y
= � 0@t Y ;

and to H as associated Hamiltonian.
19 Alternatively, recall that in Quantum Mechanics p̂ = � i@x is Hermitean, hence hp̂ jp̂ i = h jp̂2  i = �h  jr 2  i .
20 Recall that we have to write Q̂m = lm (âm + ây

m )=
p

2 and P̂m = ( ~=lm )( âm � ây
m )=(i

p
2), where the oscillator length

of mode ! m is lm =
p

~=(M! m ).
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Incidentally, you can rewrite Y and � , which are now quantum �elds as:

8
>>>>><

>>>>>:

Ŷ (x) =
X

m

 m (x) Q̂m =
X

m

 m (x)

r
~

2M! m

�
âm + ây

m

�

�̂( x) =
1
L

X

m

 m (x) P̂m = �
i
L

X

m

 m (x)

r
M ~! m

2

�
âm � ây

m

�
:

Notice that we have not indicated any time in Ŷ (x). Quantum mechanically, the operatorial nature
of the �eld is enough, as the time-dependence automatically comes from the Heisenberg evolution of
the operators:

Ŷ (x; t ) = ei bHt= ~Ŷ (x)e� i bHt= ~ =
X

m

 m (x) Q̂m (t) =
X

m

 m (x)

r
~

2M! m

�
e� i! m t âm + ei! m t ây

m

�
:

One thing that you should not push too far is that the number m denoting the eigenmodes can
go to 1 : in practice, the wavelength of the wave being� m = 2L=m, there is intrinsic cut-o� to a
mmax when � m reaches the atomic scale. In the following, therefore, we will always assume an upper
cuto�. But there is one case for which in principle such a cut-o� is not there: an electromagnetic wave.
Indeed, the exercise we have just carried out resembles in a quite precise way the quantisation of the
electromagnetic �eld, which poses a few more problems, for the vectorial nature of the electric and
magnetic �eld and their boundary conditions, but is otherwise very similar in spirit. The resulting
�oscillators� are the photons, andv = c, the velocity of light.

Practising with this quantum string model is highly bene�cial to understanding the physics of one-
dimensional fermionic systems, for which there is a technique calledbosonizationthat ends up with a
very similar description. If you want to learn more about this, read for instance Chap.2 of the book
by T. Giamarchi Quantum Physics in One Dimension.

4.3. Statistical mechanics of quantum oscillators

Let us now calculate the thermodynamics of our vibrating string, or indeed of any similar quantized
wave, by employing canonical formalism. The Hilbert space of the problem isH = 
 m H m , without
any issue of symmetrization: the oscillators are considered as distinguishable. The Hamiltonian is a
sum of independent harmonic oscillators,

bH =
X

m

bHm =
X

m

~! m

�
ây

m âm +
1
2

�
; (4.27)

where we have denoted by! m the generic frequency of the di�erent modes, labelled bym. The trace
factorises, hence partition function is theproduct of the Zm of each single oscillator

Z = Tr e� � bH =
Y

m

Tr m e� � bH m =
Y

m

Zm =
Y

m

 
1X

n m =0

e� � ~! m (n m + 1
2 )

!

: (4.28)
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The free-energyF is the sum of the individual free energies. We would then write:

F = �
1
�

logZ =
X

m

~! m

2
� kB T

X

m

log
1

1 � e� � ~! m

S = �
@F
@T

= kB

X

m

log
1

1 � e� � ~! m
+

1
T

X

m

~! m

e� ~! m � 1

E = F + TS =
X

m

~! m

2
+

X

m

~! m

e� ~! m � 1
�

X

m

~! m

�
ĥnm i +

1
2

�

Cv = T
@S
@T

=
@E
@T

= kB ~2� 2
X

m

! 2
m e� ~! m

(e� ~! m � 1)2

(4.29)

One simple and famous application of the last formula is the speci�c heat of solids due to phonons,
the famous Debye model. You notice that the sum over the di�erent oscillators involves only the
frequencies! m , so that it is appropriate to rewrite everything in terms of the density of states of the
modes: 21

g(! ) =
X

m

� (! � ! m ) : (4.30)

The speci�c heat can be expressed as:

Cv =
~2

kB T2

Z ! max

0
d! g (! )

! 2 e� ~!

(e� ~! � 1)2 : (4.31)

Without entering into too many details (you can �nd them in the book of Huang or Callen), the
crucial aspect of the calculation is that behaviour of the density of states for! ! 0. In you assume
that

g(! ) = Ag ! � g � (! max � ! ) with Ag =
(� g + 1)

! � g +1
max

Nmodes (4.32)

� where Nmodes is the total number of oscillator modes 22 � the behaviour for T ! 0 is easy to
extract by rescaling the variables. Changing variable tox = � ~! , we write:

Cv = ( � g + 1) Nmodes

�
kB T

~! max

� � g +1 Z ~ ! max
k B T

0
dx

x2+ � g ex

(ex � 1)2 : (4.33)

For the Debye model, the important modes are the acoustic phonons which have a linear dispersion
23 ! � vk, and a density of states (in three dimensions) with� g = 2 . Hence, the model predicts that
Cv � T3 for T ! 0, as indeed found experimentally.

Why the strings of your guitar do not show any quantum e�ects? Let us consider a string of
L = 0 :5 m which is tuned on the fundamental A (LA, in Italian) with f 1 = 440 Hz. The energy of the
corresponding oscillator is: 24

~! 1 = hf 1 � 1:8 � 10� 9 meV � 21� 10� 9 K :

21 Notice that this de�nition is not universal. Sometimes the volume of your sample enters explicitly in the �ne structure
of the splitting of the energy eigenvalues, and the sum over the levels generates a factor of V which you might prefer
to single out by de�ning g(! ) to be the density of states per unit volume. We will do that in a short while, but
sometimes (for instance in discussing Bose condensation of cold trapped atoms) we will revert to the de�nition given
here, without volume factor.

22 Simply observe that

Nmodes =
Z ! max

0
d! g (! ) = A g

!
� g +1
max

� g + 1
:

23 For a more realistic description, one should distinguish between the longitudinal and two transverse acoustic phonon
branches, since they have di�erent velocities.

24 Recall that 1 THz = 4 :1 meV = 48 K.
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Figure 4.3.: Speci�c heat of Cu, compared to the Debye model �t. Figure taken from Pathria [5].

If you cut o� the harmonics of the string to a generous maximum 25 mmax = 106, this would give

~! max = hf max � 1:8 � 10� 3 meV :

The value of kB T for a temperature T = 300 K is, in the same units, 25:85 meV. HencekB T � ~! max

and all the oscillators behave classically.

Phonons in solids are, essentially, very high frequency �strings�, compared to your guitar. The
energy of typical phonons and vibrations in solids and molecules can easily reach values in the meV
range, i.e., hundreds of GHz. HencekB T can be smaller than some of the mode frequencies, and
you should include quantum e�ects in the calculation. If the guitar string, however, was a Carbon
nanotube (a very rigid object indeed) suspended between two points withL = 10 � 6 m, it is not hard
to �gure out that quantum e�ects would be relevant there as well. The world of nanomechanics,
a quite lively recent research �eld, is full of examples where you see quantum e�ects in resonating
mechanical objects.

4.3.1. Calculating the single-particle density of states

Let us now learn a simple strategy to calculate the density of statesg(! ) of the modes. A very clear
discussion of the issues related to the discreteness of the levels, and the intrinsic averaging procedure
one is performing in postulating a smooth density of states, is given in [5]. The typical problem in
which density of states enter is one in which we have to calculate a sum of the following form:

1
V

X

k

f (! k ) =
Z

d!
1
V

X

k

� (! � ! k )

| {z }
g( ! )

f (! ) =
Z

d! g (! )f (! ) ;

where now we have de�ned the density of states per-unit-volume:

g(! ) =
1
V

X

k

� (! � ! k ) : (4.34)

Role of dimensionality and dispersion. We will now show that the dimensionality d and the
type of dispersion! k = Ak � both play a role in the density of statesg(! ), leading to a power-law
expression of the form:

g(! ) = Ag! � g = Ag!
d
� � 1 : (4.35)

i

25 This corresponds to a minimum wavelength � � 10� 6 m, and to a maximum frequency f max = 440 MHz, well beyond
the capabilities of human ears.
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To show this, let us assume that thek values we sum are those that you typically encounter when
you apply periodic boundary conditions in d dimensions:

k =
2�
L

(n1; � � � ; nd) :

Then, transforming Riemann sums into integrals for largeL , you easily establish that:

1
V

X

k

f (! k ) L !1�!
Z

dk
(2� )d f (! k ) :

If ! k depends only onjk j = k you switch to spherical coordinates. Ind dimensions you would write
then:

1
V

X

k

f (! k ) L !1�!
Z

dk
(2� )d f (! k ) = 
 d

Z 1

0

dk kd� 1

(2� )d f (! k ) ;

where


 d =
2�

d
2

�( d
2 )

;

is the solid angle in d dimensions. 26 If you assume a dispersion! k = Ak � , hence d! k
dk = �Ak � � 1

and k(! ) = ( !=A )
1
� , you can easily change variables in the integral overk and transform it into an

integral over ! . The result is:

1
V

X

k

f (! k ) L !1�!
Z 1

0
d! g (! )f (! ) with g(! ) =


 d

(2� )d �A
d
�

!
d
� � 1 � Ag! � g : (4.36)

Summarising, when the dispersion is quadratic! k = Ak 2 (like for non-relativistic particles) we �nd
that g(! ) � !

d
2 � 1, while a linear dispersion (like for sound waves or light) leads tog(! ) � ! d� 1, hence

the characteristic ! 2 appearing in the back-body case and in the Debye model.

4.3.2. Photons in cavities and black-body radiation

An interesting application of the previous theory has to do with the electromagnetic �eld and pho-
tons. As you know, this was indeed the starting point of the quantum theory: Planck found, in 1900,
that the energy spectral distribution of the black-body radiation could be well �t by a phenomeno-
logical theory in which the energy of the �harmonic oscillators� making up the electromagnetic �eld
was no longer a continuum, but rather quantized in multiples of ~! .

We postpone a brief introduction to the black-body problem, likely well known to most of you, to
the �nal part of this section. Although getting the �nal result would take a couple of lines of algebra
from the equations we already derived, let me spend a few more words on the electromagnetic �eld
in cavities, essentially because this has to do with a quite lively branch ofquantum optics known as
cavity QED.

One thing that needs to be stressed is that the quantisation of the electromagnetic �eld regards
essentially theradiation �eld , or, in other words, the transversepart of the �eld: there is where photons
enter. A bit of clari�cation of the meaning of transverse versus longitudinal might be appropriate
here. Given a general vector �eldF(x) in three-dimension, there is a very important theorem due to
Helmholtz which allows to express it as follows:

F(x) = r �
Z

dx0

4�
curl F(x0)
jx � x0j

| {z }
F ? (x )

� r
Z

dx0

4�
div F(x0)
jx � x0j

| {z }
F k (x )

: (4.37)

26 Recall that �(1 =2) =
p

� and �(3 =2) =
p

�= 2. Hence 
 1 = 2 , 
 2 = 2 � , 
 3 = 4 � .
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The �rst term, F? haszero divergence(it is the curl of a vector �eld), and is known as transverse part
of F; the second term,F k has zero curl (it is the gradient of a function), and is known as longitudinal
part of F.

Figure 4.4.: The black-body spectral radiance, proportional to the spectral energy density u(�; T ) at di�erent
temperatures. We plot here the curves versus the wavelength � = 2 �=k = 2 �c=! = c=f .

In electrostatics, the electric �eld is purely longitudinal and depends on the presence of the charges.
Indeed, sincer � E = 4 �� (x) while r � E = 0 , you can immediately write from Eq. (4.37)

E = Ek = � r
Z

dx0

4�
r � E(x0)
jx � x0j

= � r
Z

dx0 � (x0)
jx � x0j

| {z }
' (x )

= � r ' (x) ;

as you well know: we can de�ne the Coulomb potential ' (x) and derive the �eld from it. If you
eliminate the charges, you get no �eld: there is no life in electrostatics in a world devoid of charges.

The same happens in magnetostatics. TheB �eld is always transverse, r � B = 0 : this is general!
In magnetostatics r � B = 4 � J(x). Hence, we have:

B = r �
Z

dx0 J(x0)
jx � x0j

| {z }
A (x )

= r � A (x) :

If there are no currents J(x) = 0 , the magnetic �eld vanishes.

But when you have electrodynamics, things change completely. The full set of Maxwell's equations
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reads: 27

r � E = 4 �� (x ; t) r � E = �
1
c

@B
@t

r � B = 0 r � B = 4 � J(x; t) +
1
c

@E
@t

: (4.39)

The radiation �eld. Even in absence of any charge� = 0 and currents J = 0 , you have
solutions of the Maxwell equations with E(x; t) and B (x; t) di�erent from zero: this is called the
radiation �eld . Obviously, the radiation �eld is transverse(since r � E = 0 and r � B = 0 ), while

r � E = �
1
c

@B
@t

r � B = +
1
c

@E
@t

: (4.40)

i

To study it properly, you would need the appropriate boundary conditions on the region (for
instance, an electromagnetic cavity) you are interested in: moreover, the vectorial nature of the �elds
complicates the analysis considerably. To simplify the procedure (full details can be found in all books
in quantum optics), assume that we are in an in�nite space free-of-charges (� = 0 and J = 0 ). We can
work therefore with Fourier transforms of the �elds and need not worry about boundary conditions.
The four Maxwell's equations become after Fourier transforms in space:

i k � E(k; t) = 0 ik � E(k; t) = �
1
c

@B (k; t)
@t

ik � B (k; t) = 0 ik � B (k; t) =
1
c

@E(k; t)
@t

: (4.41)

The divergence-equations impose that the �elds aretransverse, i.e., perpendicular to k, in Fourier
space. The curl-equations can be rearranged by taking a derivative with respect to time and mul-
tiplying vectorially by k. You can reduce yourself to twodecoupledharmonic oscillator equations:
28

@2E(k; t)
@t2

= � c2k2 E(k; t)

@2B (k; t)
@t2

= � c2k2 B (k; t)

: (4.42)

The essence of the procedure for quantizing the electromagnetic �eld follows quite closely the
quantisation of the string we have seen before.29

For the black-body radiation, ! k = ck, and you have to account for a factor 2 due to the two
polarisations of transverse photons. To express the total energy you then write, transforming the sum

27 In SI units the Maxwell equations read:

r � E = 1
" 0

� (x ; t ) r � E = �
@B

@t

r � B = 0 r � B = � 0

�
J (x ; t ) + " 0

@E

@t

� : (4.38)

Here � 0 is the vacuum permeability, � 0 � 4� � 10� 7H=m = 4 � � 10� 7N=A 2 , while 1
4�" 0

� 9 � 109Nm 2=C2 . Together,

they are related to the velocity of light in vacuum c =
p

� 0" 0 , which is de�ned to be c def= 299792458m=s (the meter,
the SI unit of length, is therefore derived from the unit of time and from c).

28 In SI units the Maxwell equations in absence of charges and currents, using r � (r � E ) = r (r � E ) � r 2E, read

@2

@t2
E = �

1

� 0" 0
r 2E and

@2

@t2
B = �

1

� 0" 0
r 2B :

The Hamiltonian would read:

H =
" 0

2

Z

V
dx

�
jE (x ; t )j2 + c2 jB (x ; t )j2

�
:

29 We only recall that the quantum expression for the vector potential eventually reads (in Heisenberg representation
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over k into an integral in the usual way: 30

E(T; V) = 2 V
Z

dk
(2� )3

~! k

e� ~! k � 1
= 8 �V

Z 1

0

dk
8� 3 k2 ~! k

e� ~! k � 1
=

V
� 2c3

Z 1

0
d! ! 2 ~!

e� ~! � 1

= V
Z 1

0
d!

! 2

� 2c3

~!
e� ~! � 1

� V
Z 1

0
d! " (!; T ) (4.43)

where we de�ne the spectral energy density

" (!; T ) = g(! )
~!

e� ~! � 1
=

! 2

� 2c3

~!
e� ~! � 1

: (4.44)

Here you recognise the density of states of the modes (see Eq. (4.36) withA = c, � = 1 and d = 3
and an extra factor 2 for the two polarizations):

g(! ) =
! 2

� 2c3 : (4.45)

An equivalent way of writing would be to express the spectral density in terms of the wave-length�
of the radiation. If you recall that k = 2 �=� , and you change variable fromk to � rather than from
k to ! , you can equivalently rewrite:

E (T; V) = 8 �V
Z 1

0

dk
8� 3 k2 ~! k

e� ~! k � 1
= V

Z 1

0
d�

8�
� 4

hc=�
e�hc=� � 1

� V
Z 1

0
d� u (�; T ) ; (4.46)

where

u(�; T ) =
8�hc
� 5

1
ehc=( �k B T ) � 1

: (4.47)

Historically, quite a few things were known before Planck's work, more precisely through exper-
iments, performed by Stefan in 1879 and by Lummer & Pringsheim in 1899, and through general
thermodynamical arguments due to Boltzmann and to Wien:

(1) The total energy density behaves as:

E(T; V)
V

= aT4 ; (4.48)

with a = 4 �=c where � = 5 :67 � 10� 8 W m � 2 K � 4 is the Stefan's constant, experimentally
measured in 1879. The previous relation is known asStefan-Boltzmann lawbecause Boltzmann
deduced it in 1884 from general thermodynamical arguments.

(2) The second experimentally known fact was that the spectral densityu(�; T ) shows a pronounced
maximum at a wavelength � max = c=�max which obeys theWien's displacement law:

� max T = b ' 2:898� 10� 3m K : (4.49)

(3) The spectral density u(�; T ) should have a universal form given by

u(�; T ) = � � 5f Wien (�T ) ; (4.50)

where f Wien is a universal function of �T . This was shown by Wien, again based on general
thermodynamical arguments.

and SI units):

Â H (x ; t ) =
2X

s=1

Z
dk

(2� )3

s
~

2" 0 ! k

�
� k ;s ei k � x � i! k t âk ;s + � �

k ;s e� i k � x + i! k t ây
k ;s

�

where � k ;s are the two transverse polarization vectors, and ! k = jk jc. In terms of Â we express the �elds as

Ê = � @Â
@t and B̂ = r � Â .

30 Notice that we neglect here the zero-point motion term, formally giving a divergent contribution in in�nite space. In
a con�ned geometry, a proper account of that term gives rise to Casimir forces.
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The �nal formula for the average energy requires an integral31 and reads:

E(T; V) = V
Z 1

0
d! " (!; T ) = V

Z 1

0
d!

! 2

� 2c3

~!
e� ~! � 1

= V
� 2

15
(kB T)4

(~c)3 = V aT4 ;

(4.52)

in agreement with the Stefan-Boltzmann law.

It is interesting to consider the classical limit of the spectral energy density" (!; T ), obtained by
assuming that kB T � ~! , or equivalently for u(�; T ) when � � hc=(kB T). You would get:

" CL (!; T ) �
! 2

� 2c3

~!
1 + � ~! + � � � � 1

=
! 2

� 2c3 kB T ; (4.53)

or equivalently:

uCL (�; T ) �
8�
� 4 kB T : (4.54)

These are the results one would obtain by treating the electromagnetic �eld with classical statistical
mechanics. They lead to aultraviolet catastrophe: the corresponding integrals over all frequencies or
all wavelengths simply diverges, for ! ! 1 or � ! 0, respectively.

Let us return to the correct (quantum) spectral energy density u(�; T ) which �ts very well the
experimental observations. Calculating a simple derivative, we conclude that the maximum of the
u(�; T ) versus� is realised for32

�hc
�

1
1 � e� �hc=�

�
�
�
�
� max

= 5 = )
�hc
� max

' 4:965: (4.56)

Rewritten di�erently, this reads:

� max T = b =
hc

4:965kB
� 2:898� 10� 3m K : (4.57)

This is precisely the content of Wien's displacement law. For T = 5000 K, you get � max � 0:59� m.
Finally, Planck's form for u(�; T ) in Eq. (4.47) satis�es Wien universal form in Eq. (4.50).

For completeness, let us sketch, before ending this section, some of the issues behind the black-body
problem, to highlight the impasseencountered by classical physics in describing the experiments, and
the brilliant ad-hoc solution given by Planck long before quantum mechanics was developed. You can
view it as the �rst instance in which discretenessmade its appearance in physics.

Bodies in equilibrium at temperature T absorb and emit electromagnetic radiation of di�erent wavelengths
� , with a broad spectrum. This is essentially a consequence of the fact that electronic states in condensed

31 The relevant integral is

I =
Z + 1

0
dx

x3

ex � 1
:

To calculate it, simply undo the geometric series sum leading to the Planck distribution, writing:

I =
1X

n =1

Z + 1

0
dx x 3e� nx =

1X

n =1

1

n4

Z + 1

0
dy y3e� y = � (4)�(4) =

� 4

15
: (4.51)

32 Notice that for " (!; T ), the maximum of " (!; T ) for given T , as a function of ! , is veri�ed when

d

dx

x3

ex � 1

�
�
�
�
x max

= 0 = )
xmax

1 � e� x max
= 3 = ) xmax � 2:82 ;

which corresponds to
~! max = h� max = xmax kB T � 2:82kB T : (4.55)

Remarkably, the maximum you calculate is di�erent from that obtained by maximising u(�; T ).
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matter group into energy bands, contrary to the sharp atomic spectral lines. Let us call Rbody
abs (�; T )d� and

Rbody
emi (�; T )d� the power (energy per unit time) per unit area absorbed and emitted by a certain body in the

wavelength interval (�; � + d � ). Let R inc (�; T )d� be the power per unit area incident on the body. We can
de�ne the absorption coe�cient of the body:

abody (�; T ) =
Rbody

abs (�; T )
R inc (�; T )

: (4.58)

In general, if the body is in equilibrium at a �xed temperature T , we must have that:

Rbody
abs (�; T ) � Rbody

emi (�; T ) : (4.59)

By general thermodynamics arguments, Kircko� (1859) showed that Rbody
emi =abody is a universal function of �

and T . Indeed:
Rbody

emi (�; T )
abody (�; T )

= � � � � �
Rbody

emi (�; T )

� � � � �
Rbody

abs (�; T )
R inc (�; T ) � R inc (�; T ) : (4.60)

A black-body (BB) is an idealized system such that aBB (�; T ) � 1: it absorbs all the incident radiation, at
all � . Obviously, in equilibrium:

R inc (�; T )
BB
� RBB

abs (�; T )
eq
� RBB

emi (�; T ) � R(�; T ) ; (4.61)

where we have introduced a shorter notation. Figure 4.5 shows a practical way of realizing a cavity that
essentially absorbs all incoming radiation, which then thermalizes inside the cavity: the radiation emitted
from the hole of the cavity is, therefore, in equilibrium, a good approximation to the black-body radiation.

Figure 4.5: A cavity with a blackened interior,
held at temperature T , and a small hole. The
radiation emitted through the hole is a good ap-
proximation to the black-body radiation.

The total emissive power of a black body is given by:

R(T ) =
Z 1

0
d� R (�; T ) : (4.62)

An experimental result due to Stefan (1879), later derived through general thermodynamical arguments by
Boltzmann (1884), is that:

R(T ) = �T 4 ; (4.63)

where, empirically, the Stefan's constant is � � 5:67 � 10� 8 W/(m 2 K 4).

Measurements of R(�; T ) by Lummer and Pringsheim (1899) allowed to con�rm Wien's displacement law
relating T to the � max for which R(�; T ) has a maximum:

� max T = b ; (4.64)

allowing also to experimentally determine b = 2 :898� 10� 3 m K.
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Consider now the monochromatic (or spectral) energy density u(�; T ), such that

E (T; V ) = V
Z 1

0
d� u (�; T ) ; (4.65)

is the total energy of the radiation in equilibrium at temperature T in a cavity of volume V . One can show
that it is related to the power emitted by the BB per unit area is:

u(�; T ) =
4
c

R(�; T ) ; (4.66)

where c is the velocity of light in vacuum. This is a convenient quantity because, as shown by Wien, again
based on general thermodynamical arguments:

u(�; T ) = � � 5 f Wien (�T ) ; (4.67)

where f Wien is a universal function of �T .

To know more about f Wien (�T ) we need amodel. Imagine the cavity to be a cube of volume V = L 3 �lled
with electromagnetic (transverse) waves, which are standing waves of wavenumber k , with k = jk j = 2 �=� .
If you have a quantity F (k) to be summed over all the modes of the radiation, then, accounting for the two
polarisations of the transverse waves, we can write the associated density as:

2
V

X

k

F (k) = 2
Z

d3k
(2� )3

F (k) =
1

� 2

Z 1

0
dk k2F (k) = 8 �

Z 1

0
d�

1
� 4

~F (� ) ; (4.68)

where ~F (� ) = F (2�=� ). Hence, we see that(8� )=� 4 is the �density of modes� at wavelength � . The average
spectral energy density is, therefore:

u(�; T ) =
8�
� 4

� (�; T ) (4.69)

where � is the average energy of every single mode of the radiation at the given � and at temperature T .

If you model the electromagnetic �eld � which obeys Maxwell's equations 33 � as classical harmonic
oscillators in equilibrium at temperature T , then classical statistical mechanics would predict:

� =

R1
0 d� � e� ��

R1
0 d� e� ��

= �
d

d�
log

� Z 1

0
d� e� ��

�
=

1
�

= kB T : (4.70)

This classical calculation expresses theequipartition principle . The corresponding f Wien = 8 �k B �T . Obviously,
this result leads to an ultraviolet catastrophe, since the integral over � diverges.

It was a bold assumption due to Planck (1900) to imagine that the integral over � written above should
be modi�ed by assuming that the di�erent values of � are actually discrete: � = n� 0 , with n = 0 ; 1; 2; � � � 1 .
Simply replacing the integral by a discrete sum changes the outcome of the calculation dramatically:

� =

P 1
n =0 (n� 0) e� �n� 0

P 1
n =0 e� �n� 0

= �
d

d�
log

"
1X

n =0

e� �n� 0

#

= �
d

d�
log

�
1

1 � e� �� 0

�
=

� 0

e� 0 =( k B T ) � 1
: (4.71)

To be compatible with Wien's general prescription � recall, the universal function of �T �, the constant � 0

should be � 0 � 1=� . So, Planck took:

� 0 = h� =
hc
�

; (4.72)

where h is a constant with dimension [energy] � [time], and � = c=� is the frequency of the wave. Hence, we
end up having:

u(�; T ) =
8�hc

� 5

1
ehc= ( �k B T ) � 1

; (4.73)

which is exactly of the Wien's universal form, but now without ultraviolet catastrophe. The total integral
over � , together with u(T ) = (4 =c)R(T ), leads to the following explicit expression for Stefan's constant:

� =
2� 5

15
k4

B

h3c2
: (4.74)

33 The Maxwell's equations are linear. You can show that they can be regarded as describing an in�nite set of linear
harmonic oscillators. See the previous discussion in this section.
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Similarly, Wien's displacement law is easily established to lead to

� max T = b =
hc

4:965kB
: (4.75)

Since both � and b had been experimentally measured, and c quite accurately known at that time, Planck
deduced values forkB (Boltzmann constant) and for h (Planck's constant).

4.4. Ideal quantum gases

Consider now the problem ofN identical quantum particles � fermions or bosons � in a box of
volume V : a quantum �uid . Let us try to approach this problem with the canonical ensemble. We
start from a Hamiltonian bH of a rather general form, including interactions. In second quantisation
we would introduce �eld operators b	 � (x) and express bH as:

bH =
X

�

Z
dx b	 y

� (x )
�

�
~2r 2

2m
+ v(x )

�
b	 � (x ) +

X

�;� 0

1
2

Z
dxdx 0 Vint (jx � x 0j) b	 y

� 0(x
0) b	 y

� (x ) b	 � (x ) b	 � 0(x
0) :

In turn, the �eld operators b	 � (x) � which obey standard commutation/anticommutation rules
for bosons/fermions, for instance[b	 � (x); b	 y

� 0(x0)] = � �;� 0� (x � x0) for bosons andf b	 � (x); b	 y
� 0(x0)g =

� �;� 0� (x � x0) for fermions � can be expanded in any one-particle basis set of spin-orbital wavefunctions
labelled by quantum numbers (�; � ), with destruction operators â�;� , where the statistics (fermions
vs bosons) requires that these operators obey the commutation/anticommutation relations

Bosons:

8
>>><

>>>:

h
â�;� ; ây

� 0;� 0

i
= � �;� 0� �;� 0

h
ây

�;� ; ây
� 0;� 0

i
= 0

h
â�;� ; â� 0;� 0

i
= 0

Fermions:

8
>>><

>>>:

n
â�;� ; ây

� 0;� 0

o
= � �;� 0� �;� 0

n
ây

�;� ; ây
� 0;� 0

o
= 0

n
â�;� ; â� 0;� 0

o
= 0

:

Assume that the orbitals actually factorize into a standard orbital wave-function � � (x) times a stan-
dard spinor in such a way that b	 � (x) =

P
� � � (x) â�;� . There is large freedom in the choice of the

basis � � (x). 34 In general we would end-up writing (including the spin-labels in the � ):

bH =
X

�;� 0

K � 0;� ây
� 0â� +

1
2

X

� 1 ;� 2
� 0

1 ;� 0
2

(� 0
1� 0

2jVint j� 1� 2) ây
� 0

2
ây

� 0
1
â� 1

â� 2
; (4.77)

34 For instance, one could select plane-waves � k (x ) = 1p
V

ei k � x , where V is the volume, and write the corresponding

expression for bH as:

bH =
1

V

X

k ;�

~2k 2

2m
ây

k ;� âk ;� +
1

V

X

k ;q ;�

v(q)ây
k + q ;� âk ;� +

1

2V

X

k ;k 0;q

X

�;� 0

Vint (jqj)ây
k 0� q ;� 0ây

k + q ;� âk ;� âk 0;� 0 ; (4.76)

where we have introduced the Fourier transforms of the external potential v(q) =
R

dx e� i q � x v(x ), and of the
interaction potential Vint (q) =

R
dx e� i q � x Vint (x ). For the Coulomb potential in three dimensions:

4�e 2

q2
=

Z
d3x e� i q � x e2

jx j
:

Notice that: 1) the sums over wave-vectors run here over all k vectors of the form k = ( kx ; ky ; kz ) with k i =
(2�n i )=L i , with all possible n i integers, and not just in the Brillouin zone (BZ) of the crystal. 2) The choice of a
plane-wave basis is optimal for the kinetic energy (which is perfectly diagonal; this term gives the usual free Fermi
gas problem), but not for the external potential, which mixes states of di�erent k -vectors, scattering a wave with k
in all possible waves with k + q with amplitude v(q). 3) The interaction potential causes an even worse mixing of
states, by scattering two particles with wave-vectors k and k 0 into states k + q and k 0� q, with scattering amplitude
Vint (jqj). For electrons in a crystalline potential, the choice of � n k (x ) as the Bloch states of the particle in the
potential v(x ), where n is a band index and k a wave-vector running in the BZ of the (reciprocal) lattice, evidently
diagonalizes the p 2=2m + v(x ) part of the Hamiltonian. One could write an expression of bH in terms of such states,
introducing destruction operators an k ;� , but you realize that the Coulomb many-body mixing of states is inevitable.
There is no way around it.
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where

K � 0;� =
Z

dx � �
� 0(x)

�
�

~2

2m
r 2 + v(x)

�
� � (x)

(� 0
1� 0

2jVint j� 1� 2) =
Z

dx1dx2 � �
� 0

1
(x1)� �

� 0
2
(x2)Vint (jx1 � x2j)� � 1 (x1)� � 2 (x2)

: (4.78)

The di�culty in the many-body problem is that, in general, there is no simple way to write bH as a
quadratic form of the creation/destruction operators. 35 If it was not for the interaction, or in any case
in which we have simpli�ed our problem to a quadratic one, one might diagonalizethe Hamiltonian
completely by writing it as:

bH =
X

�

� � ây
� â� : (4.79)

For instance, if the interactions are completely neglected, clearly the best basis-set orbitals are the
ones that diagonalize the one-particle Hamiltonian leading toK � 0;� above:

�
�

~2

2m
r 2 + v(x)

�
� � (x) = � � � � (x) =) K � 0;� = � � � � 0;� : (4.80)

The ideal gas case. This is the setting which we consider: anideal quantum gas, with
Hamiltonian

bH =
X

�

� � ây
� â� : (4.81)

All eigenstates of bH are simple to write in the occupation number (of Fock) representation:

jf n� gi =
Y

�

�
ây

�

� n �

p
n� !

j0i = j� i =) E f n � g =
X

�

� � n� = E � : (4.82)

Here n� 2 N are integers, which, for fermions cannot exceed1 (by Pauli principle) while they
can have any value for bosons. The notation� will be occasionally used to distinguish these
Fock many-body states from single-particle states, denoted by� . Notice that you can set n� = 0
for all single-particle states which are not occupied. The fermionic states are nothing but the
second-quantized form ofSlater determinants.

i

4.4.1. The canonical impasse

Let us try to calculate the canonical partition function of the ideal gas. Since the energy of the
eigenstates is asum of the individual single-particle energies, it seems at �rst sight that we have a
simple problem:

ZCE (T; V; N) =

P
� n � = NX

f n � g

e� �
P

� � � n � =
X

f n � g

� N;
P

� n �

Y

�

e� �� � n � : (4.83)

We see that the di�erent sums over the n� are �correlated� by the presence of the delta-function
restriction that imposes that the total number of particles is exactly N . So, we have to get rid of this
restriction on N . How? By going over to a framework in which we do not controlN , but rather its
conjugate thermodynamic variable � . We will see that this leads to a new ensemble, calledgrand-
canonical ensemble. This amounts, e�ectively, to take a discrete Laplace's transform which eliminates
the delta-function restriction, as explicitly shown later on.

35 Many mean-�eld techniques � for instance, Hartree-Fock for fermionic systems � can be seen as a way of approxi-
mately reducing the quartic interaction term to a �self-consistently calculated� quadratic piece.
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4.5. The grand-canonical ensemble

To construct the new ensemble in which� is the control variable, we start from the thermodynamic
Helmholtz free-energyF (T; X; N ) (where X are other extensive variables, reducing to the volumeV
in the present simple case) and take a Legendre transform with respect toN . Recall that

� =
@F
@N

Invert=) N (T; X; � ) ;

and calculate

( T; X; � ) = F � �N = E � TS � �N ; (4.84)

with the prescription that where you see N you should substitute N (T; X; � ). Recall that all the
derivatives of F remain untouched for 
 (simply expressed in the new variables) except for the
derivative with respect to the Legendre-transformed variable� which gets an extra minus sign:

N = �
@

@�

: (4.85)

For the case of a simple �uid whereF (T; V; N) we would write the di�erential of 
 and 
 itself
(recalling the Euler relation E = TS � pV + �N ) as:

d
 � � SdT � pdV � N d�


 = F � �N = E � TS � �N � � pV
; (4.86)

where in the last equation we should intend that p(T; � ). Notice that similarity with the Gibbs
potential, G = F + pV = � �N : the grand-canonical potential 
 is nothing but (minus) the pressure-
per-unit-volume (a product of the extensive variable V times its intensive generalized force� p).

How do we write a statistical ensemble to calculate
 ?

The gran-canonical ensemble. The analogy with the canonical ensemble suggests that a
good candidate is to set

GCE

8
>>>>>>>>><

>>>>>>>>>:

hÂi GCE (T; X; � ) � Tr
h
Â �̂ GCE

i

�̂ GCE =
X

�

e� � (E � � �N � )

ZGCE

j� ih� j =
e� � ( bH � � bN )

ZGCE

ZGCE =
X

�

e� � (E � � �N � ) = Tr e� � ( bH � � bN ) Thermodynamics
� e� � 
( T;X ;� )

:

where j� = jf n� gi denotes the many-body Fock states,N � = h� jN̂ j� i =
P

� n� , and E � =
h� j bH j� i =

P
� � � n� .

i

To verify that this ensemble Ansatz is indeed correct, let us calculate the averageN : 36

N = hbN i GCE =
X

�

N �
e� � (E � � �N � )

ZGCE

=
1
�

@logZGCE

@�
!
� �

@

@�

;

36 Please observe that the notation used here is such that � denotes many-body states of the whole system, and not the
single-particle orbitals that we introduced in the previous section. Notice also that the density matrix �̂ GCE acts in
the grand-canonical-Hilbert space, also known as Fock space F, made by the direct sum of the Hilbert-spaces H N

with given N , for all N = 0 ; � � � 1 :
F = � 1

N =0 H N :
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which is once again the correct thermodynamical relation forN . Notice that != in the second line
means that we have used there ourAnsatz which states that logZGCE = � � 
 .

Equally simple is the calculation of the averageE � �N in the ensemble. According to the pre-
scriptions we have:

E � �N = hbH � � bN i GCE =
X

�

(E � � �N � )
e� � (E � � �N � )

ZGCE

= �
@logZGCE

@�

!
� 
 + �

@

@�

= 
 � T
@

@T

= 
 + TS ; (4.87)

which is indeed the correct thermodynamical relation for 
 .

One �nal thing to observe is that you can rewrite ZGCE as follows:

ZGCE (T; X; � ) =
X

�

e� � (E � � �N � ) =
1X

N =0

e��N ZCE (T; X; N ) =
1X

N =0

zN ZCE (T; X; N ) ; (4.88)

which can be regarded as thediscrete Laplace transformof ZCE , where � �� is the �Laplace variable�.
Notice that one often introduces the so-calledfugacity z = e�� in terms which we have the last
relationship above. These last remarks should clarify how the grand-canonical ensemble e�ectively
�solves� the canonicalimpassediscussed in Sec. 4.4.1 for the non-interacting quantum gases.

4.5.1. Fluctuations of particle number in the grand-canonical ensemble

As we have seen, theaveragenumber of particles N (T; X; � ) can be directly calculated from the
grand-canonical partition function:

N (T; X; � ) = hN̂ i GCE =

P
� N � e� � (E � � �N � )

ZGCE

=
1
�

@logZGCE

@�
= �

@

@�

: (4.89)

We can go beyond that, and calculate thesecond cumulantby taking a further derivative of logZGCE :

1
�

@N
@�

= hN̂ 2i � h N̂ i 2 = �
1
�

@2

@�2

: (4.90)

The �uctuations of N around the average. The interesting fact is that, once again, the
variance ofN̂ is connected to a thermodynamical quantity, the isothermalcompressibility � T , and
that the relative �uctuations of N around the average are small, of order1=

p
V :

q
hN̂ 2i � h N̂ i 2

hN̂ i
=

p
kB T � Tp

V
: (4.91)

i

Indeed, one can show that the iso-thermal �number� compressibility is closely related to the corre-
sponding �volume� compressibility:

1
N

@N
@�

=
N
V

� T =)
hN̂ 2i � h N̂ i 2

hN̂ i 2
=

kB T
V

� T ; (4.92)

where the iso-thermal volume compressibility is:

� T = �
1
V

�
@V
@p

�

T;N
; (4.93)
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where N (T; X; � ) should be used, as usual.

To prove this remarkable identity between two seemingly unrelated thermodynamic derivatives, one
needs a Jacobean gymnastics which you can �nd explained in some detail in App. B. Let me recall,
very brie�y, how the machinery works. Let f i (x) with i = 1 � � � n be functions of the n variables
x = x1 � � � xn . We denote the Jacobean determinant as:

@(f 1; f 2; � � � ; f n )
@(x1; x2; � � � ; xn )

= det

0

B
B
B
B
B
@

@f1
@x1

@f1
@x2

� � � @f1
@xn

@f2
@x1

@f2
@x2

� � � @f2
@xn

:::
::: � � �

:::
@fn
@x1

@fn
@x2

� � � @fn
@xn

1

C
C
C
C
C
A

: (4.94)

It is simple to verify that
�

@N
@�

�

T;V
=

@(N; T; V )
@(�; T; V )

: (4.95)

The usefulness of such a simple rewriting is that you can now repeatedly use the chain rules of calculus
(and the fact that the determinant of a product is the product of the determinants) to show that you
can rewrite:

�
@N
@�

�

T;V
=

@(N; T; V )
@(�; T; V )

=
@(N; T; V )
@(N; T; p)

@(N; T; p)
@(V; T; p)

@(V; T; p)
@(�; T; N )

@(�; T; N )
@(�; T; V )

=
�

@V
@p

�

T;N
�

N
V

�
@(V; p)
@(�; N )

�
N
V

; (4.96)

where we used that:

@(N; T; p)
@(V; T; p)

=
@(�; T; N )
@(�; T; V )

=
N
V

(4.97)

and that

@(V; T; p)
@(�; T; N )

=
@(T; V; p)
@(T; �; N )

=
@(V; p)
@(�; N )

; (4.98)

because a determinant does not change if you interchange two columns and two rows (this was used
to move T to the �rst position and then get rid of it). And now comes a highly non-trivial identity:
if you have a thermodynamic potential whose di�erential contains a term like f 1 dx1 + f 2 dx2 then,
quite remarkably, it follows that:

@(f 1; x1)
@(f 2; x2)

= � 1 : (4.99)

To apply this result to our case, notice that d
 = � SdT � pdV � N d� , from which you deduce that

� 1 =
@(� p; V)
@(� N; � )

=
@(p; V)
@(N; � )

=
@(V; p)
@(�; N )

: (4.100)

So, substituting back in the original expression we conclude that:

�
@N
@�

�

T;V
= �

N 2

V 2

�
@V
@p

�

T;N
=

N 2

V
� T : (4.101)
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4.6. Ideal quantum gas in grand-canonical ensemble

The calculation of ZGCE for the ideal quantum gas is immediate since we get rid of the annoying
restriction � N;

P
� n � . The result is:

ZGCE =
X

�

e� � (E � � �N � ) =
X

�

e� �
P

� ( � � � � )n �

=
X

f n � g

Y

�

e� � ( � � � � )n � =
Y

�

 
X

n �

e� � ( � � � � )n �

!

=
Y

�

8
><

>:

1 + e� � ( � � � � ) (F)

1
1 � e� � ( � � � � )

(B)
: (4.102)

The bosonic case. Observe that in the bosonic case the geometric series converges only if

� < minf � � g :

This will be important when discussing Bose-Einstein condensation, which we will see to occur
precisely when� ! � �

min .

i

The calculation of the grand-canonical potential is immediate:


( T; V; � ) = �
1
�

X

�

8
<

:

log(1 + e� � ( � � � � ) ) (F)

� log(1 � e� � ( � � � � ) ) (B)
=

�
�

X

�

log(1 � � e� � ( � � � � ) ) ; (4.103)

where we have introduced the statistical factor� = � 1 for fermions (F) and � = +1 for bosons (B).

Volume dependence. The T and � dependence of
 is quite transparent. Less obvious is the
V dependence. But recall that the eigenvalues� � will be discrete in a �nite quantization volume
V , and indeed volume-dependent,� � (V ). For a system in a cubic box with periodic boundary
conditions, k = 2�

L (n1; � � � ; nd), and with a spherically symmetric dispersion� k = Ak � you easily
calculate:

@�k
@V

=
@�k
@k

@k
@L

�
@V
@L

� � 1

= �
�
d

� k

V
; (4.104)

which will be useful later on.

i

The whole thermodynamics follows from
( T; V; � ); recall that d
 � � SdT � pdV � N d� . The
derivatives of 
 are immediate:

S = �
@

@T

=
1
T

"

�
�
�

X

�

log(1 � � e� � ( � � � � ) ) +
X

�

� � � �
e� ( � � � � ) � �

#

p = �
@

@V

Euler
� �



V

= �
�

�V

X

�

log(1 � � e� � ( � � � � ) )

N = �
@

@�

=
X

�

1
e� ( � � � � ) � �

�
X

�

ĥay
� â� i GCE

ĥay
� â� i GCE �

1
e� ( � � � � ) � �

(4.105)

A few comments are in order. First, observe the important ingredient: the Fermi/Bose distribution
function which gives the average of the occupation number operator, which we have highlighted in the

117



Simple applications of Statistical Mechanics (Lecture Notes by G.E. Santoro)

last expression:

ĥay
� â� i GCE =

8
>><

>>:

f F (� � � � ) �
1

e� ( � � � � ) + 1

f B (� � � � ) �
1

e� ( � � � � ) � 1

: (4.106)

Second, notice that we have by-passed the explicit calculation of the pressure � requiring a deriva-
tive of 
 with respect to V �, by explicitly using the Euler-derived equality p = � 
 =V. A direct
calculation of such a volume derivative, however, would show a non-trivial identity:

p = �
@

@V

= �
X

�

� @��
@V

�

e� ( � � � � ) � �
� �

� X

�

@��
@V

ây
� â�

�

GCE

= �
�

@bH
@V

�

GCE

; (4.107)

where in the last equality we have introduced the partial derivative of bH with respect to V , which
involves only the eigenvalues� � (V ) and should not be confused with the volume derivative of the
average energy (which would involve also to theoccupation of each state, hence a contribution from an
entropic term): it is an iso-entropic derivative (recall the discussion we had in revisiting the canonical
ensemble from the point of view of thermodynamics).

Relationship between 
 , E , and p. Using @�k
@V = � �

d
� k
V , it is simple to show that:

�


V

Euler
� p(T; � ) = �

�
@bH
@V

�

GCE

=
�
d

E
V

=) � 
 = pV =
�
d

E(T; V; � ) : (4.108)

For non-relativistic particles, � 
 = pV = 2
d E. For the case of photons,a i.e., a linear dispersion

in d = 3 , we have � 
 = pV = 1
3 E. Physically, this means that the thermal radiation �eld

exerts pressure on the walls of the cavity in which it is enclosed. Notice that the pressure, being
intensive, cannot depend on the volume when the other two variables are intensive, hence we have
p(T; � ).

a You can verify that the present grand-canonical formalism with � = 0 gives back the same formulas we derived
in the canonical ensemble.

i

It is instructive to re-derive such non-trivial relationships via the density of states, through integration by
parts. Indeed, we can rewrite the grand-canonical potential as:


 =
�
�

Z 1

0
d� g (� ) log(1 � � e� � ( � � � ) ) ; (4.109)

where g(� ) =
P

� � (� � � � ) is the density of states. 37 Consider now the integral of the density of states
G(� ) =

R�
0 d� 0g(� 0) (i.e., the total number of states up to � ) and rewrite the integral by parts:


 =
�
�

�
G(� ) log(1 � � e� � ( � � � ) )

�
�
�
1

0
�

Z 1

0
d� G (� )

��
e� ( � � � ) � �

�
= �

Z 1

0
d� G (� )

1
e� ( � � � ) � �

!= �
1

� g + 1

Z 1

0
d� g (� )

�
e� ( � � � ) � �

= �
�
d

E (T; V; � ) : (4.110)

Notice that in the �rst step I have dropped the boundary term (assuming that the density of states extends

up to 1 ), while in the last steps I have assumed a power-law scaling for g(� ) = Ag � � g which leads to

G(� ) = �g (� )=(� g + 1) .
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Figure 4.6.: Plot of the Fermi and Bose distribution functions, compared to the Maxwell-Boltzmann limiting
distributions to which both converge in the limit of large � (� � � � ).

4.6.1. Maxwell-Boltzmann limit

We would expect that there should be some classical limit in which thestatistics of our quantum
particles should make no di�erence: after all the ideal classical gas laws should be recovered in some
limit. The crucial ingredient to take care is the statistics-related factor � . Let us look at 



( T; V; � ) =
�
�

X

�

log(1 � � e� � ( � � � � ) ) ; (4.111)

from which all the thermodynamics follows. Observe that we can approximate the logarithm by its
lowest-order expansion if

e� � ( � � � � ) � 1 8� =) 
 =
�
�

X

�

log(1 � � e� � ( � � � � ) ) � � kB T
X

�

e� � ( � � � � ) � 
 MB ; (4.112)

an expression that isindependentfrom the statistics. In the same limit

e� ( � � � � ) � 1 8� =) N =
X

�

1
e� ( � � � � ) � �

�
X

�

e� � ( � � � � ) � NMB ; (4.113)

which we might express by saying that in this regime the Fermi/Bose distributions approach a common
limit:

e� � ( � � � � ) � 1 8� =) f F (� � � � ) � f B (� � � � ) � e� � ( � � � � ) � f MB (� � � � ) : (4.114)

This limiting distribution, and the regime in which it applies, see Fig. 4.6, is calledMaxwell-Boltzmann.

37 Notice that we have omitted here the volume factor. Notice also that in principle there are issues associated with
Bose condensation in the lowest eigenvalue; in the end, those issues will not change the result we will derive, since
energy (and pressure) contribution of the Bose-condensed fraction is vanishingly small.
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The classical ideal gas. We now show that in the Maxwell-Boltzmann limit the classical ideal
gas equations of state are recovered. Indeed, looking at the pressure, we have:

� pV = 
 � � (kB T)N =) pV � NkB T : (4.115)

We recover theclassical ideal gas equation of state. For non-relativistic particles in d dimensions,
since 
 = � 2

d E, we also immediately get the other ideal-gas classical relationship:

E = �
d
2


 �
d
2

NkB T :

i

Let us explore a bit more the regime in which our quantum gas becomes essentially classical. One
of our goals is to show that in this limit we recover the prescription on thehdN factor we used in the
classical partition function, and also the 1=N! indistinguishability factor we have inserted in a rather
ad hocfashion, to make the classical entropy nicely extensive.

One of the things that you should not be fooled by, is to assume that the classical limit corresponds
to high temperature (which is true) and henceyou can take e� ( � � � � ) � 1, which is wrong, because in
the Maxwell-Boltzmann limit the chemical potential � turns out to be large and negative, as we will
now show, leading to e� ( � � � � ) � 1.

For de�niteness, let us consider the usual free-particles with non-relativistic dispersion� k = ~2jk j2=(2m).
Accounting for a degeneracy factorgS related to the spin of the particles (gS = 2S + 1 ), the average
number of particles N in the Maxwell-Boltzmann limit is given by:

N � gS

X

k

e� � ( � k � � ) � gS e�� L d
Z

dk
(2� )d e� �� k

= gS e�� V
Z

dp
(2� ~)d e� � p 2

2m = gS e��

Z cl
1z }| {Z

dq dp
hd e� �H cl (q ;p )

= gS e�� V
�

2�mk B T
h2

� d
2

= gS e�� V
� d

T

:

(4.116)

In the last expression, we have performed the Gaussian integral and observed that this brings-in a
quantum-related length

� 2
T =

h2

2�mk B T
=)

~2

2m� 2
T

=
kB T
4�

; (4.117)

known asthermal de-Broglie wavelength. The expression just above it suggests a relationship with the
classical single-particle partition function, with a conspicuous factorhd in the denominator. We can
rewrite the expression we have derived as:

e�� �
N� d

T

gS V
: (4.118)

But in the Maxwell-Boltzmann limit we must have e � ( � � � k ) � 1 8� k , hence:

e�� � 1 =) � d
T � gS

V
N

=
gS

n
;

where n = N=V is the density.
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The classical limit. Hence, the classical limit requires that T is large enough so that the
thermal de-Broglie wavelength is much smaller than the average inter-particle separation:

� d
T � gS

V
N

=
gS

n
: (4.119)

Correspondingly the chemical potential must be large and negative:

� � � kB T log
gS V
N� d

T

= � kB T log
gS V
N

� 2�m
h2 kB T

� d
2

: (4.120)

We see that the classical limit requires a combination of high-T/low-density, or, better, a precise
relationship between the thermal length � T and the density.

i

We are not done yet. I promised we would understand the1=N! (Gibbs counting). To do that, we
have to get thecanonical partition function, which is rather easy to extract in the Maxwell-Boltzmann
limit. Observe that � � 
 MB = NMB = gS e�� Z cl

1 , hence:

Z MB
GCE (T; V; � ) = e� � 
 MB = egS e�� Z cl

1 : (4.121)

Next, Taylor-expand the exponential ex with x = gS e�� Z cl
1 to deduce that:

Z MB
GCE (T; V; � ) = egS e�� Z cl

1 =
1X

N =0

e��N 1
N !

�
gS Z cl

1

� N

| {z }
Z MB

CE

�
1X

N =0

e��N Z MB
CE (T; V; N) : (4.122)

This leads us to the conclusion that in the Maxwell-Boltzmann limit, for free gas, we should use:

Z MB
CE (T; V; N) =

gN
S

N !

�
Z cl

1

� N
=

gN
S

N !

Z
dq1 � � � dqN dp1 � � � dpN

hdN e� �H cl (q 1 ��� q N ;p 1 ��� p N ) ; (4.123)

which coincides with our guess whengS = 1 (no spin degeneracy).38

A word about the entropy of mixing and the Gibbs paradox, see for instance [5][Sec. 1.5]. As you
recall, this Gibbs counting 1=N! makes the classical entropy nicely extensive. If you drop it, you would
�nd the paradox � known as Gibbs paradox� that mixing (by removing an internal wall) two identical
ideal gases at the same density and temperature leads to an increase in the total entropy. Notice that
mixing two di�erent gases, or even the same gas but at two di�erent densities and/or temperatures,
does lead to an increase of entropy, but this is not a paradox: indeed, mixing is irreversible. But
when the two gases are identical and in identical thermodynamic conditions, removing or inserting a
division wall is a perfectly reversible action. If you do the calculation without the Gibbs factor 1=N!
you would �nd an increase of entropy also in this reversible case.

We now move to the analysis of the low-temperature behaviour of quantum ideal gases, where
statistics plays a crucial role. We start with fermions.

38 Obviously, this shows the validity of the Gibbs counting prescription only for free gas in a box. A similar exercise can
be repeated for free particles in a parabolic con�ning potential, and the result would be once again the one we have
stated. For general interacting quantum particles, the derivation of the classical limit is not that straightforward, as
far as I can see.

121



Simple applications of Statistical Mechanics (Lecture Notes by G.E. Santoro)

4.6.2. The ideal Fermi gas

Let us start with the ideal Fermi gas. The grand-canonical potential is:


 = � kB T
X

�

log(1 + e� � ( � � � � ) )

= � kB T V
Z 1

�1
d� g(� ) log(1 + e� � ( � � � ) ) ; (4.124)

where we have de�ned as usual the density-of-states per unit volume:

g(� ) =
1
V

X

�

� (� � � � ) (4.125)

The total number of fermions is, recalling that f F (� � � ) = 1
e� ( � � � ) +1 :

N = �
@

@�

=
X

�

1
e� ( � � � � ) + 1

=
X

�

f F (� � � � )

= V
Z 1

�1
d� g(� ) f F (� � � ) : (4.126)

Inverting N (�; T ). The grand-canonical ensemble was instrumental in doing the calculations,
but we would like to express physical quantities in termsN , or the density n = N

V , rather than � .
So, we would like to invert this dependence and express� (n; T ). We will do that at low- T only:
for general T, you need a numerical approach.

!

By considering the usual non-relativistic dispersion� k = ~2 j k j2

2m , one can write:

g(� ) = gS


 d

(2� )d

1
2

�
2m
~2

� d
2

�
d
2 � 1 ; (4.127)

where gS = 2 corresponds to the spin-degeneracy factor for a spin-1/2 particle. Wede�ne the T = 0
chemical potential to be � F , the so-called Fermi energy. The Fermi function, observe, approaches
more and more a Heaviside distribution as we lower the temperature. So, atT = 0 we have:

� (T = 0) def= � F and f F (� k � � F ) = �( � F � � k ) = �( kF � j k j) ;

where �( x) is the Heaviside function and we have de�ned, for a spherically symmetric dispersion, the
Fermi momentum kF to be simply the value of jk j at which � kF = � F . In words: all energy levels
with � k < � F , or equivalently jk j < k F , are occupied with only one particle, according to the Pauli
principle; but we must also account for the spin-degeneracy factorgS = 2 .

We now impose that zero-temperature the chemical potential,� F , is such as to �t all particles:

N = V
Z � F

0
d� g(� ) = gS V


 d

(2� )d

1
d

�
2m
~2

� d
2

�
d
2
F

= gS V

 d

(2� )d

1
d

kd
F ; (4.128)

where � F = ~2 k 2
F

2m . Notice that the expression in terms ofkF is more general: anyisotropic dispersion
� j k j would be expressed in terms ofkF in the same way:

N = gS V
Z

dk
(2� )d � (kF � j k j) = gS V


 d

(2� )d

Z kF

0
dk kd� 1 = gS V


 d

(2� )d

kd
F

d
: (4.129)
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A useful expression is also the fact that:

g(� F ) = gS


 d

(2� )d

1
2

�
2m
~2

� d
2 �

d
2
F

� F
=

d
2

n
� F

; (4.130)

where n = N=V is the density of particles.

These considerations �x the limiting behaviour of � (T ! 0) = � F : a curve for � (T; n) will eventually,
starting from � (0; n) = � F , reach the classical expression in Eq. (4.120),� � � kB T log gS

n ( 2�m
h2 kB T)

d
2 .

Let us see how to calculate the corrections to thisT = 0 result. Consider the expressions for
N (T; V; � ) or E(T; V; � ):

N (T; V; � ) = V
Z 1

0
d� g(� ) f F (� � � )

E (T; V; � ) = V
Z 1

0
d� g(� ) � f F (� � � ) : (4.131)

More generally, one often encounters integrals of the form

I (T; � ) =
Z 1

�1
d� f F (� � � ) � (� ) ; (4.132)

for which one would like to obtain a low-temperature expansion. A general technique to do that is
provided by the Sommerfeld expansion.

The Sommerfeld expansion

Figure 4.7: The Fermi func-
tion f F (� ) = 1

e�� +1
and its

derivative, or rather � f 0
F =

� e��

( e�� +1) 2 , for two values of the
temperature.

I will follow here the presentation by Arovas [1]. Notice that the derivative of the Fermi function
f 0

F (� )

f 0
F (� ) = � �

e��

(e�� + 1) 2 ; (4.133)

is essentially a smoothed version of a Dirac delta function, since
Z 1

�1
d� f 0

F (� � � ) = f F (+ 1 ) � f F (�1 ) = � 1 :
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Since we will soon integrate by parts our expression forI (T; � ), let us de�ne the primitive function of
� (� ):

�( � ) =
Z �

�1
d� 0 � (� 0) : (4.134)

Since the boundary term can be easily argued to vanish, the integral inI (T; � ) can be rewritten as:

I (T; � ) = �
Z 1

�1
d� f 0

F (� � � ) �( � ) = �
Z 1

�1
d� f 0

F (� ) �( � + � ) : (4.135)

Expand now �( � + � ) in powers of � :

�( � + � ) =
1X

n =0

� n

n!
dn �( � )

d� n = e� d
d � �( � ) : (4.136)

Hence we can rewrite, changing variable tox = �� and de�ning D̂ = kB T d
d� :

I (T; � ) = �
Z 1

�1
d� f 0

F (� ) e� d
d � �( � ) = �

Z 1

�1
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e��

(e�� + 1) 2 e� d
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Z 1

�1
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ex

(ex + 1)( ex + 1)
ex D̂ �( � ) =

Z 1
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1
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ex D̂ �( � )
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1 +

� 2

6
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7� 4

360
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(kB T)2 @2�

@�2
+

7� 4

360
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� 2
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(kB T)2 @�
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7� 4

360
(kB T)4 @3�

@�3
+ � � � : (4.137)

A few comments are in order. The fact that only even powers ofD̂ contribute is very simple since the
remaining integrand is even inx. The integrals over x can be performed by the method of residues,
the poles being given by the Fermi function, and one can even give an explicit expression for the
integral of the D̂ operator, see [1][Eq. 5.234 on page 224].39

The low- T behaviour of a Fermi gas

Let us apply the Sommerfeld expansion to the densityn = N=V, where � (� ) = g(� ). Then we can
write:

n =
N
V

=
Z �

�1
d� g(� ) +

� 2

6
(kB T)2g0(� ) + � � �

Taking then � = � F + �� and looking for the leading-order in T for the corrections �� we can �nally
write:

n =
Z � F

�1
d� g(� )

| {z }
n

+ g(� F )�� +
� 2

6
(kB T)2g0(� F ) + � � � ;

39 If you de�ne

OS (D̂ ) =
Z 1
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ex D̂

(ex + 1)( e� x + 1)
= (2 �i )

1X
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�
�
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�
zn = i (2 n +1) �

;

a simple application of the residue theorem leads to the expression:

OS (D̂ ) =
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1

1 � 1
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which �nally leads to: 40

�� = �
� 2

6
(kB T)2 g0(� F )

g(� F )
+ � � � = �

� 2

12
(kB T)2

� F
+ � � � ; (4.138)

where the last expression applies to ad = 3 dimensional non-relativistic free Fermi gas.

Consider now theenergyE(T; V; � ). Here the function to be considered is� (� ) = �g(� ). Hence we
have:

E
V

=
Z �
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� 2
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�g (� )

�
+ � � �

=
Z �

�1
d� �g (� ) +

� 2

6
(kB T)2�

g(� ) + �g 0(� )
�

+ � � �

=
Z � F

�1
d� �g (� )

| {z }
� gs

+ � � � � �
� F g(� F )�� +
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+ � � �

= � gs +
� 2

6
(kB T)2g(� F ) + � � � (4.139)

Let us turn to the pressure. Given the fact that 
 = � E=(� g + 1) = � 2E=d we can write:

p = �


V

=
2
d

E
V

=
2
d

�
� gs +

� 2

6
(kB T)2g(� F ) + � � �

�
(4.140)

an expression that smoothly goes towards the Maxwell-Boltzmann limitp � nkB T for large T.

Finally, let us consider the entropy and the speci�c heat. Observe that the previous expression
provides 
 as a function ofT and N , and not � . Hence, you should refrain from taking the derivative
with respect to T to calculate S. Rather start again from an expression in which � appears, see
Eq. (4.139):


( T; V; � ) = �
2
d

V
� Z �

�1
d� �g (� ) +

� 2

6
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g(� ) + �g 0(� )
�

+ � � �
�

: (4.141)

and calculate:

S(T; V; � ) = �
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3
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B Tg(� F ) + � � � (4.142)

which is also the low-T expression forS(T; V; N). From the entropy we can calculate the constant-
volume speci�c heat:
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V
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T
V

@S
@T

�
�
�
�
V;N

=
� 2

3
k2

B Tg(� F ) + � � � = 
T + � � �


 =
� 2

3
k2

B g(� F ) =
� 2

3
k2

B
d
2

n
� F

: (4.143)

Notice that this predicts a linear in T speci�c heat for metals at low T.41

40 If g(� ) = g(� F )( �=� F ) � g with � g = ( d � 2)=2 then you immediately deduce that g0(� F )=g(� F ) = � g =� F .
41 This contribution is usually much smaller than the phonon contribution (proportional to T 3 ), with the possible

exception of heavy fermion systems.
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The low-temperature behaviour of fermionic interacting systems is usually treated in the so-called
Fermi Liquid Theory , see for instance the book by Nozières or the lecture notes by M. Fabrizio.

Concerning the Pauli paramagnetic susceptibility, see for instance [1][Sec. 5.8.8]:

� =
@M
@H

�
�
�
�
T;V;N

= � 2
B g(� F ) : (4.144)

A possible exercise concerns the Landaudiamagnetic contribution to the magnetic susceptibility, see
for instance [1][Sec. 5.8.9].

4.6.3. The ideal Bose gas

Very nice treatments are given by Arovas [1] and Pathria [5]. Pathria, in particular, gives a nice
discussion (see his Appendix F) of a technique to calculate the grand-canonical density of particles
of a Bose gas by directly tackling the exact relevant sums through the Poisson's summation formula
and related mathematical identities. Let us start from the expression for the density of particles of
an ideal Bose gas:

n(T; � ) =
N
V

= �
1
V

@

@�

=
@p
@�

=
1
V

X

�

1
e� ( � � � � ) � 1

� nsum (T; � ) :

For a gas consisting of free non-relativistic bosons in ad-dimensional box of volumeV = L d the � �

would be the usual � k = ~2k2=(2m) and k = (2 �=L )(n1; � � � ; nd) if, for instance, we assume periodic
boundary conditions. The mimimum eigenvalue is hence� 0 = 0 , separated from the next levels by a
splitting � E = h2=(2mL 2) � 1=V2=d. If � < 0 (and �nite), hence the fugacity z = e�� < 1, and all
the individual terms in the sum contribute

1
V

1
e� ( � � � � ) � 1

<
1
V

1
e� �� � 1

=
1
V

z
1 � z

�
1
V

:

It is reasonable to expect that the sum of these small but very dense42 contributions can be captured
very well by approximating the sum with an integral, with the usual density of states technique. But
we should be aware that it might happen that z gets so close to1 (or, equivalently, that � ! 0� ) in
such a way that contribution from the lowest eigenvalue� 0 = 0

N0

V
=

1
V

1
e� �� � 1

=
1
V

z
1 � z

;

could become�nite (i.e., N0 / V ), and we would completely miss it when we transform the sum into
an integral. Indeed, you realize that

lim
� ! � �

0

nsum (T; � ) = + 1 ;

a very nice feature, since it allows to �nd a value of � for any �xed density n you might want to
allocate to the di�erent eigenstates. So, let us tentatively transform the sum into an integral

nint (T; � ) =
Z 1

0
d�

g(� )
e� ( � � � ) � 1

=
Ag

� � g +1

Z 1

0
dx

x � g

z� 1ex � 1
; (4.145)

42 For 4He particles in a box of side L = 1 cm, the typical splitting is

~2

2mea2
B

4� 2 me

4mp

� aB

L

� 2
� 10� 17 eV � 10� 13 K =kB :

Hence, if you are summing a function whose typical scale of variation is much larger than the previous extra-tiny
splitting, it is legitimate to substitute the sum with an integral. The catch is that the Bose distribution diverges for
� ! 0 when � ! 0� , hence the previous conclusion is risky. Indeed, it fails when Bose-condensation occurs.
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where the notation �int� reminds us that this is only the regular (smooth) part of the sum obtained
from the integral of the density of states, ignoring the possibly important contribution from a massive
occupation of the lowest energy eigenvalue. In the �nal expression we have assumed a standard power-
law form for the density of states g(� ) = Ag � � g , where � g = d=2 � 1 for free non-relativistic particles,
and transformed the integral by rescaling the variables to take out the temperature dependence. Notice
that for � < � 0 = 0 , the singularity in the integral is entirely due to g(� ), and is usually integrable (for
instance, g(� ) � 1=

p
� in d = 1 ). If you increase z towards 1� (or, equivalently, � ! 0� ) this integral

increases. Let us try to understand what happens if I setz = 1 inside the integral, which gives the
maximum value that nint (T; � ) can reach at �xed T:

nint (T; � ) < n cr (T) � nint (T; 0� ) =
Ag

� � g +1

Z 1

0
dx

x � g

ex � 1
: (4.146)

Here the issue is the singularity of the integrand close tox = 0 , with the Bose distribution function
contributing a crucial factor 1=x. The density of states gives a factorxd=2� 1 so that the integrand,
close tox ! 0, is:

� x
d
2 � 1 1

x
� x � 1+ d � 2

2 =

8
><

>:

x � 3
2 d = 1 = ) divergent

x � 1 d = 2 = ) divergent
x � 1

2 d = 3 = ) �nite
:

Hence we realize thatnint (T; � ) is boundedby a �nite value of ncr (T) in d = 3 , while ncr = 1 in d � 2.
But being bound by a �nite value means that I cannot �nd a chemical potential if the density of the
gas happens to ben > n cr (T). You realize that this is not a nice property of our grand-canonical
approach: I can give you a high-enough densityn such that all the states I have accounted for by the
density of states integral would not be able to accommodate all of the particles, even if I set� = 0 � ,
which is the maximum value a Bose system can tolerate! Luckily, this is not a disaster at all, it is
simply a pitfall of our approach of transforming a sum into an integral: we missed completely the
ability that the system has to massively occupythe lowest-eigenvalue� 0. Indeed, the original sum
does diverge whenz ! 1:

lim
� ! 0�

nsum (T; � ) = lim
� ! 0�

1
V

X

�

1
e� ( � � � � ) � 1

= + 1 ;

whence whatever is the value ofn, and the temperature T, I can always �nd a � suitably close to 0�

such that n = nsum (T; � ). Before �amending� the previous replacement ofnsum ! nint , to correctly
describe Bose condensation, let us calculate the relevant integrals in a more precise fashion (although
the main ingredients are already there and the essence of what we said does not change). Indeed, the

Figure 4.8.: The Poly-logarithm function Li s (z) for s = 1
2 ; 3

2 ; 5
2 . Figure taken from Arovas [1].

integral appearing in Eq. (4.145) can be given an analytic expression in terms of the Poly-logarithmic43

43 Pathria calls them the Bose-Einstein functions , and denotes them by g� (z), see Eq. 10 in Sec. 7.1.
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functions (see Fig. 4.8)

Li s(z) �
1

�( s)

Z 1

0
dx

xs� 1

z� 1ex � 1
=

1X

k=1

zk

ks ; (4.147)

essentially a generalisation of the Riemann zeta-function� (s), to which it reduces for z = 1 , Li s(1) �
� (s). The algebra leading to this power-law expansion is quite simple.44 Since � (s) is �nite for
s > 1, while it divergesfor s � 1, you conclude that the same occurs toLi s(z) for z ! 1� . Using the
expression for the density of states of non-relativistic particles, including a possible spin-degeneracy
factor gS , we get:

nint (T; � ) =
Ag

� � g +1 �( � g + 1) Li � g +1 (z) = gS � � d
T Li d

2
(z)

ncr (T) � nint (T; 0� ) = gS � � d
T Li d

2
(1� ) = gS � � d

T � ( d
2 ) = gS

�
2�mk B T

h2

� d
2

� ( d
2 )

: (4.148)

The crucial ingredient to watch for is the �nite Riemann zeta function � ( 3
2 ) � 2:612. Hence, ind = 3 ,

given a certain density n we will not be able to �nd a suitable chemical potential to describe it when
T < T c where the critical temperature Tc is given by:

ncr (Tc) = gS

�
2�mk B Tc

h2

� 3
2

� ( 3
2 ) � n =) kB Tc =

2� ~2

m

�
n

gS � ( 3
2 )

� 2
3

: (4.149)

Allowing for the correct density when d � 3. So, the solution in d = 3 can be written as
follows:

n = nint (T; � ) = gS

�
2�mk B T

h2

� 3
2

Li 3
2
(z) for T > T c

n = n0(T) + gS

�
2�mk B T

h2

� 3
2

� ( 3
2 ) for T < T c

: (4.150)

Observe that the �rst equation is in the grand-canonical spirit: given n and T > T c you should
�nd the appropriate � (T; n) that gives nint (T; � (T; n)) � n. The second equation is essentially
�canonical�, in the sense that we have set� = 0 � and, given n, we postulate that n0(T) is �nite
� hence N0 = V n0(T) is a massive extensive number � in such a way as to allow the particles
that do not �t in the regular part �outside the condensate�. The same would hold for any d > 3,
where the Riemann zeta function� ( d

2 ) is �nite .

i

We get (by di�erence) that the density of particles that �condense� in the lowest eigenvalue� 0 is:

n0(T)
n

= 1 �
1
n

gS

�
2�mk B T

h2

� 3
2

� ( 3
2 ) � 1 �

�
T
Tc

� 3
2

: (4.151)

Notice that the occupation of the lowest eigenvalue is macroscopic below the transition temperature,
which amounts to a chemical potential which is in�nitesimally close to 0� :

N0 = V n0 =
1

z� 1 � 1
=) z = e�� =

1
1 + 1

N 0

=) � � �
kB T
N0

! 0� :

44 Simply expand the function inside the integral, after a simple rewriting, using the usual geometric series:
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:
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No condensation is predicted ford � 2, because� ( d
2 ), and hencencr , are in�nite. The condensation

transition in d = 3 leaves a distinct feature in all thermodynamical quantities asT approachesTc.
We should stress, however, that the bosons in the condensatedo not contribute to 
 , p, or E . The
calculation of all these thermodynamical quantities (p, Cv ) is in principle straightforward but in
practice a bit tedious. You �nd plenty of details of these derivations for instance in [5][Chap.7]. I
simply collect here a few useful graphs, taken from [5] and [1].

Figure 4.9.: Various thermodynamical quantities for the Bose-Einstein condensation of free non-relatistic
particles in d = 3 . Figures taken from Pathria [5].

Figure 4.10.: Left: Speci�c heat of liquid 4He in the vicinity of the � -transition. Data from M. J. Buckingham
and W. M. Fairbank, in Progress in Low Temperature Physics, C. J. Gortner, ed. (North-Holland, 1961). Inset
at upper right: more recent data of J. A. Lipa et al., Phys. Rev. B 68, 174518 (2003) performed in zero gravity
earth orbit, to within � T = 2 nK of the transition. Right: pT phase diagram of4He. Figures, and left caption,
from Arovas [1].

A remarkable similarity exists between these �ndings and the low-temperature physics of the queen
of all bosonic particle �uids, 4He, which becomes liquid atT < 4:2K and super�uid at a temperature
T < 2:17K (at atmosferic pressure). The similarity, �rst pointed out by F. London in the late 1930s,
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